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APPLICATIONS 
 

This file gives some details on the development presented in the “Atomic spectroscopy in 

extremely thin cells”. All equations preserve their numbers with the addition of the leading 

letter “A”; more detailed records of the equations explaining the calculations are indicated 

with the leading letter “D”.  After each section we provide the reference for the Mathcad 

program that realizes the needed computations, including numerical integration, plots the 

results and writes the results in the file.  

 

EQUATIONS 

 

The theoretical analysis of the resonances obtained in the ETC is based on the standard 

semiclassical description of the atomic system by the statistical operator 𝜌̂ in ITO representation.  

The basic system of equations given in the following publications: 

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

1. M.I. D’yakonov, V.I. Perel // Optics and Spectroscopy. 1966. V. 20. P. 101.  

2. B. Decomps, M. Dumont, M. Ducloy // in Laser Spectroscopy of Atoms and Molecules, edited 

by H. Walther, Springer-Verlag, Berlin Heidelberg New York, (1976).]  

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

was modified by writing the tensor components of the optical coherence in the form  

𝜉𝑞
𝜅(𝑥, 𝑣, 𝑡) = 𝜉𝑞

𝜅(𝑥, 𝑣) 𝑒𝑥𝑝{ − 𝑖𝜔𝑙𝑎𝑠 𝑡},                                                                    (A11) 

and neglecting the terms containing the sum frequencies (𝜔 𝑙𝑎𝑠 + 𝜔0), we obtain equations for 

the spatial portions of the tensor components 𝜌𝑞
𝜅(𝑥, 𝑣), (𝜌 = 𝑓, 𝜑, 𝜉) presented in  

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 

3. Todorov G., Polishchuk V.A., Krasteva A., Sargsyan A.D., Cartaleva S., Vartanyan T.A. 

Calculation of the nonlinear interaction between a laser beam and alkali-metal atomic vapor in an 

ultrathin cell // Journal of Optical Technology - 2016, Vol. 83, No. 11, pp. 659-666 

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
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„A” Application 

 „D” Details – explications; -  more detailed record of some calculations  
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𝑣
𝜕

𝜕 𝑥
𝑓𝑞

𝜅 + 𝛾𝑓
𝜅𝑓𝑞

𝜅 = 𝑖ħ−1(2F𝜑+1)−
1

2 ∑ 𝐸−𝑄(𝑥) 𝜅′𝑞′𝑄 𝐶
𝑞𝑞′𝑄
𝜅𝜅′

[𝑑𝜉
𝑞′
𝜅′

(𝑥, 𝑣) +

𝑑∗(𝜉
−𝑞′
𝜅′

(𝑥, 𝑣))∗(−1)𝜅+𝜅′+𝑞′
]  + (2𝐹𝑓 + 1)𝛾𝑓

𝜅𝑁𝑓𝑊(𝜈)𝛿𝜅0                   (A-12a) 

  𝑣 
𝜕

𝜕 𝑥
𝜑𝑞

𝜅 + 𝛾𝜑
𝜅𝜑𝑞

𝜅 = (−1)𝜅𝑖ħ−1(2F𝜑+1)−1/2 ∑ 𝐸−𝑄(𝑥)(−1)𝜅′
𝜅′𝑞′𝑄 𝐵

𝑞𝑞′𝑄
𝜅𝜅′

[𝑑 𝜉
𝑞′
𝜅′

(𝑥, 𝑣) +

𝑑∗(𝜉
−𝑞′
𝜅′

(𝑥, 𝑣))∗(−1)𝜅+𝜅′+𝑞′
] + (2𝐹𝜑 + 1)𝛾𝜑

𝜅𝑁𝜑𝑊(𝜈)𝛿𝜅0 + 𝛤𝐹𝑓𝐹𝜑

𝜅 𝑓𝑞
𝜅                                    (A-12b) 

 𝑣
𝜕

𝜕𝑥
𝜉𝑞

𝜅(𝑥, 𝑣) + [𝛾𝜉
𝜅 + 𝑖(𝜔0 − 𝜔𝑙𝑎𝑠)]𝜉𝑞

𝜅(𝑥, 𝑣) = 𝑖ħ−1(2F𝑓+1)−
1

2𝑑∗ × ∑ 𝐸−𝑄(𝑥)𝜅′𝑞′𝑄 × 

[𝑆
𝑞𝑞′𝑄
𝜅𝜅′

𝑓
𝑞′
𝜅′

+ (−1)𝜅+𝜅′
𝑅

𝑞𝑞′𝑄
𝜅𝜅′

𝜑
𝑞′
𝜅′

]                    (A-12c) 

where 

𝐶
𝑞𝑞′𝑄
𝜅𝜅′

= (−1)2F𝜑+𝑞′
(2F𝑓 + 1)1/2(2𝜅 ′+1) {

𝜅 ′ 1 𝜅
𝐹𝑓 𝐹𝑓 𝐹𝜑

} (
𝜅 ′ 1 𝜅
−𝑞′ 𝑄 𝑞

)               (A-13a) 

𝑅
𝑞𝑞′𝑄
𝜅𝜅′

= (−1)2F𝜑+𝑞′
(2F𝑓 + 1)1/2(2𝜅 ′+1) {

𝜅 ′ 1 𝜅
𝐹𝑓 𝐹𝜑 𝐹𝜑

} (
𝜅 ′ 1 𝜅
−𝑞′ 𝑄 𝑞

)             (A-13b) 

𝑑 ≡ ‖𝑑𝐹𝑓𝐹𝜑
‖ = ‖𝑑𝐽𝑓𝐽𝜑‖ (−1)2𝐽𝜑+𝐽𝑓+𝐹𝑓+𝐼[(2𝐹𝑓 + 1)(2𝐽𝜑 + 1)]

1/2
{
𝐼 𝐽𝑓 𝐹𝑓

1 𝐹𝜑 𝐽𝜑
}               (A-5) 

 𝛤 𝐹𝑓 𝐹𝜑

𝜅 = (−1)𝐹𝑓+𝐹𝜑+𝜅+1𝛾𝑓
0(2𝐹𝜑 + 1)(2𝐽𝑓 + 1) × {

𝐹𝑓 𝐹𝜑 1

𝐽𝜑 𝐽𝑓 𝐼
}

2

√(2𝐹𝑓 + 1)(2𝐹𝜑 + 1) {
𝐹𝑓 𝐹𝑓 𝜅

𝐹𝜑 𝐹𝜑 1
}     

                          (A-4)  

The coefficients 𝐵
𝑞𝑞′𝑄
𝜅𝜅′

 and 𝑆
𝑞𝑞′𝑄
𝜅𝜅′

 in Eq. (12) are obtained from the corresponding components 

𝐶
𝑞𝑞′𝑄
𝜅𝜅′

 and 𝑅
𝑞𝑞′𝑄
𝜅𝜅′

 via the substitution 𝐹𝑓 ↔ 𝐹𝜑. 

details and designations see in [3] 

 

Below please find the descriptions of the Mathcad files  
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App_1-1st order  

Name of the program - 1st -order 

 

Following an iterative approach and using procedure and boundary conditions developed 

in  

++++++++++++++++++++++++++++++++++++++++++++++++++++ 

4. Vartanyan T.A., Lin D.L. // Phys. Rev. A. 1995. V. 51. P. 1959-1964 

++++++++++++++++++++++++++++++++++++++++++++++++++++ 

 

we find the first order solutions  

 

𝜉 
(1)

0
1(𝑥, 𝑣 > 0) = 𝑖

(𝑑𝐸0)

ħ
[𝑉

𝑓𝜑

𝐹𝑓𝐹𝜑][
(𝑒𝑖𝑘𝑥−𝑒

{−(𝛾𝜉
1+𝑖𝛥𝜔)𝑥/𝑣}

)

[𝛾𝜉
1+𝑖(𝛥𝜔+𝑘𝑣)]

]                          (A_1-15) 

for atoms moving parallel to the laser beam direction and 

 

 𝜉 
(1)

0
1(𝑥, 𝑣 < 0) = 𝑖

(𝑑𝐸0)

ħ
[𝑉

𝑓𝜑

𝐹𝑓𝐹𝜑][
(𝑒𝑖𝑘𝑥−𝑒𝑖𝑘𝑙.𝑒

{−(𝛾𝜉
1+𝑖𝛥𝜔)(𝑥−𝑙)/𝑣}

)

[𝛾𝜉
1+𝑖(𝛥𝜔+𝑘𝑣)]

] = 

= 𝜉 
(1)

0
1(𝑥, 𝑣 < 0) = 𝑖

(𝑑𝐸0)

ħ
[𝑉

𝑓𝜑

𝐹𝑓𝐹𝜑]𝑒𝑖𝑘𝑙[
(𝑒𝑖𝑘(𝑥−𝑙)−𝑒

{−(𝛾𝜉
1+𝑖𝛥𝜔)(𝑥−𝑙)/𝑣}

)

[𝛾𝜉
1+𝑖(𝛥𝜔+𝑘𝑣)]

]                          (A_1-16)   

for atoms moving in the opposite direction.  

Here 

[𝑉
𝑓𝜑

𝐹𝑓𝐹𝜑] =
(−1)

𝐹𝑓+𝐹𝜑+1

3
(2𝐹𝜑 + 1)1/2 (

𝜑 
(0)

0
0

2𝐹𝜑+1
−

𝑓 
(0)

0
0

2𝐹𝑓+1
)                (A_1-17)  

 

𝛥𝜔 = 𝜔0 − 𝜔𝑙𝑎𝑠, 𝑙 is the cell thickness, 𝜑 
(0)

0
0,   𝑓 

(0)
0
0  -population of the lower and upper levels 

before irradiation. 

The resulting first-order solutions (A15) and (A16) enable us to first calculate the spatial part of 

the polarization of the medium 𝑃𝑞
1(𝑥)  

   𝑃𝑞
1(𝑥) = (−1)𝐹𝑓−𝐹𝜑(2𝐹𝜑 + 1)−1/2𝑑 ∫ 𝑊(𝑣) 𝜉𝑞

1+∞

−∞
(𝑥, 𝑣) 𝑑3𝑣.                             (A_1-10)        

Defined by solving the spatial part of the Maxwell equation, the radiation field in the first order 

can be written in the form. [4 Vartanyan T.A., Lin D.L. // Phys. Rev. A. 1995. V. 51. P. 1959-1964] 

          𝐸 
(1)

 
1(𝑥) = 2𝜋𝑖𝑘 ∫ 𝑒𝑥𝑝[ 𝑖𝑘(𝑥 − 𝑥′)]  𝑃 

(1)
 
1(𝑥′) 𝑑𝑥′

𝑙

0
                                                   (A_1-18)       

and for the reflected and transmitted fields we get, respectively:    

 

𝐸 
(1)

𝑟𝑒𝑓𝑙
1 = 2𝜋𝑖𝑘 ∫ 𝑒𝑥𝑝+𝑖𝑘𝑥′ 𝑃 

(1)
 

1
(𝑥′) 𝑑𝑥′

𝑙

0
:   𝐸 

(1)
𝑡𝑟𝑠𝑚
1 = 2𝜋𝑖𝑘 ∫ 𝑒𝑥𝑝−𝑖𝑘𝑥′ 𝑃 

(1)
 

1
(𝑥′) 𝑑𝑥′

𝑙

0
        

  (A_1-18a) 

It is convenient to introduce the dimensionless variables 𝛺 = (𝜔0 − 𝜔𝑙𝑎𝑠)/𝑘𝑣𝑇,                  

𝛤𝑠
𝜅𝑖 = 𝛾𝑠

𝜅𝑖/𝑘𝑣𝑇 ,  (𝑠 = 𝑓, 𝜉, 𝜑)  and  𝑣/𝑣𝑇 = 𝑢. 

  

To the first order, we obtain the following for the field amplitude after passing through the cell. 

𝐸 
(1) 1(𝑥 > 𝑙) ≡ 𝐸 

(1)
𝑡𝑟
1 𝑒𝑥𝑝{ 𝑖𝑘𝑥}  
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After averaging over the cell thickness l, we obtain the corresponding solutions for both directions 

of atomic motion: (Name of the program - 1st –order) 

 

 

𝐸 
(1)

𝑡𝑟𝑠𝑚
1 =

2𝜋1/2

3
(

𝑑𝐹𝑓

2

𝐹𝜑

ℏ√𝛾𝑓𝛾𝜑

)(
√𝛾𝑓𝛾𝜑

(𝑘𝑣𝑡)
)[(

𝜑0
0

2𝐹𝜑 + 1
−

𝑓0
0

2𝐹𝑓 + 1
)]𝐸0. 

{∫ 𝑑𝑢
∞

0
⟨

𝛷.𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

−
𝑢.𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

+
𝑢.𝑒{−𝑢2}.𝑒{−𝑖𝛷}.𝑒

{−(𝛤𝜉
1+𝑖𝛺)𝛷/𝑢}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

⟩ + ∫ 𝑑𝑢
0

−∞
⟨

𝛷.𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+

𝑢.𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

−
𝑢.𝑒{−𝑢2}.𝑒{+𝑖𝛷}.𝑒

{+(𝛤𝜉
1+𝑖𝛺)𝛷/𝑢}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

⟩}                                     (A_1-19) 

 

𝛷 = (2𝜋/𝜆)𝑙 = 𝑘𝑙  
 

Using the notation 

𝐾(𝐹𝑓 , 𝐹𝜑 , 𝑘𝑣𝑇) =
2𝜋1/2

3√3
(
𝑑𝐹𝑓𝐹𝜑

2

ℏ 𝑘𝑣𝑇
)(

𝜑 
(0)

0
0

2𝐹𝜑+1
−

𝑓 
(0)

0
0

2𝐹𝑓+1
) =

2𝜋1/2

3√3
(
𝑑𝐹𝑓𝐹𝜑

2

ℏ𝑘𝑣𝑇
)𝛥𝑁𝜑𝑓                              (A_1-19a) 

and  𝐽1
+ ≡ ∫ 𝑑𝑢⟨. . . ⟩

∞

0
,  𝐽1

− ≡ ∫ 𝑑𝑢
0

−∞
⟨. . . ⟩,                                                            (A_1-19b) 

  we can rewrite Eq. (19) in compact form as: 

𝐸 
(1)

𝑡𝑟𝑠𝑚
1 = 𝐾(𝐹𝑓 , 𝐹𝜑 , 𝑘𝑣𝑇)𝐸0. [𝐽1

+ + 𝐽1
−].                                                                 (A_1-20) 

The dimensionless coefficient 𝐾 (𝐹𝜌,  𝑣𝑇) =−
2𝜋1/2

3√3
(

𝑑 
2

ℏ(𝑘𝑣𝑇)
)(𝛥𝑁𝜑𝑓) depends on the reduced matrix 

element of the dipole transition 
fF Fd


, the initial population difference (𝛥𝑁𝜑𝑓) = (

𝜑 
(0)

0
0

2𝐹𝜑+1
−

𝑓 
(0)

0
0

2𝐹𝑓+1
)

 

for the transition under consideration 𝐹𝑓 , 𝐹𝜑 and the temperature T. 

 

App_2a - 2nd order (without spontaneous transfer)  

Name of the program – 2nd-order 

 

Returning to the iterative procedure, we substitute solutions (A15, A16) into Eqs. (A12) (and 

taking into account that the corrections in the first order to 𝑓 
(1)

𝑞
𝜅 and 𝜑 

(1)
𝑞
𝜅  are equal to 0), we 

obtain in the second order of the perturbation theory the solution 𝑓 
(2)

0
𝜅2(𝑥, 𝑣 > 0) and 

𝑓 
(2)

0
𝜅2(𝑥, 𝑣 < 0) both for the corrections to the population (𝜅2 = 0) and the longitudinal alignment 

(𝜅2 = 2) of the upper level. 

(These expressions are necessary for calculating the third order.) 

 

𝑓 
(2)

0
𝜅2(𝑥, 𝑣 > 0) = (−

𝑑𝑓𝜑
2 𝐸0

2

ħ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−

1
2[𝑆000

10 𝑓0
0 − 𝑅000

10 𝜑0
0]𝐶000

𝜅21  × 
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{
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝑓

𝜅2(𝑥/𝑣)}

𝛾𝑓
𝜅2

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 + 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑥/𝑣)}(−𝑒𝑥𝑝{ − 𝛾𝑓
𝜅2(𝑥/𝑣)}

[(𝛾𝜉
1 − 𝛾𝑓

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
]

+ +
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝑓

𝜅2(𝑥/𝑣)}

𝛾𝑓
𝜅2

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 − 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑥/𝑣)}(− 𝑒𝑥𝑝{ − 𝛾𝑓
𝜅2(𝑥/𝑣)}

[(𝛾𝜉
1 − 𝛾𝑓

𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]
]}           (D_2 − 21a) 

 

𝑓 
(2)

0
𝜅2(𝑥, 𝑣 < 0) = (−

𝑑𝑓𝜑
2𝐸0

2

ħ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−1/2[𝑆000

10 𝑓0
0 − 𝑅000

10 𝜑0
0]𝐶000

𝜅21 × 

{
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝑓

𝜅2[(𝑥 − 𝑙)/𝑣]}

𝛾𝑓
𝜅2

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝑥 − 𝑙)/𝑣]}(−𝑒𝑥𝑝{ − 𝛾𝑓
𝜅2[(𝑥 − 𝑙)/𝑣]})

[(𝛾𝜉
1 − 𝛾𝑓

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
]

+ +
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝑓

𝜅2[(𝑥 − 𝑙)/𝑣]}

𝛾𝑓
𝜅2

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝑥 − 𝑙)/𝑣]}(− 𝑒𝑥𝑝{ − 𝛾𝑓
𝜅2[(𝑥 − 𝑙)/𝑣]})

[(𝛾𝜉
1 − 𝛾𝑓

𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]
]}                 (D_2 − 21b) 

   

Here 

[𝑆000
10 𝑓0

0 − 𝑅000
10 𝜑0

0] =
(−1)𝐹𝑓+𝐹𝜑+1

3
[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]

1
2[

𝜑0
0

(2𝐹𝜑 + 1)
−

𝑓0
0

(2𝐹𝑓 + 1)
] ; 

(−
𝑑𝑓𝜑

2𝐸0
2

ℎ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−

1
2[𝑆000

10 𝑓0
0 − 𝑅000

10 𝜑0
0]𝐶000

𝜅21

=
(−1)𝐹𝑓+𝐹𝜑

3
(
𝑑𝑓𝜑

2𝐸0
2

ℎ2
)[

𝜑0
0

(2𝐹𝜑 + 1)
−

𝑓0
0

(2𝐹𝑓 + 1)
]𝐶000

𝜅21 = [𝑈
𝑓𝜑

𝐹𝑓𝐹𝜑] 𝐶000
𝜅21;  

 

 [𝑈
𝑓𝜑

𝐹𝑓𝐹𝜑]  =
(−1)

𝐹𝑓+𝐹𝜑

3
(
𝑑𝑓𝜑

2𝐸0
2

ℎ2 )[
𝜑0

0

(2𝐹𝜑+1)
−

𝑓0
0

(2𝐹𝑓+1)
]  (∗)            (D_2− 21c) 

 

and 

𝐶000
𝜅21 = (−1)2F𝜑(2F𝑓 + 1)1/2. 3. {

1 1 𝜅2

𝐹𝑓 𝐹𝑓 𝐹𝜑
} (

1 1 𝜅2

0 0 0
) 

 
     𝜅2 = 0,  𝐶000

01 = 𝐵000
01 = (−1)𝐹𝑓+𝐹𝜑 
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In comparison with Eqs.(А12a) and (А12b), we readily see that the first term of the solution for 

𝜑 
(2)

0
𝜅2  can be obtained from Eq. (21) via the substitutions 𝛾𝑓 → 𝛾𝜑  and 𝐶

𝑞𝑞′𝑄
𝜅𝜅′

 → (−1)𝜅′+1𝐵
𝑞𝑞′𝑄
𝜅𝜅′

 

Therefore, we obtain for 𝜑 
(2)

0
𝜅2 

 

𝜑 
(2)

0
𝜅2(𝑥, 𝑣 > 0) = (−  

𝑑𝑓𝜑
2 𝐸0

2

ħ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−1/2[𝑆000

10 𝑓0
0 − 𝑅000

10 𝜑0
0](−)𝜅2+1𝐵000

𝜅21. 

{
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2 (
𝑥
𝑣)}

𝛾𝜑
𝜅2

  

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 + 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑥/𝑣)}(− 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑥/𝑣)}

[(𝛾𝜉
1 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2(𝑥/𝑣)}

𝛾𝜑
𝜅2

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 − 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑥/𝑣)}(−𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑥/𝑣)}

[(𝛾𝜉
1 − 𝛾𝜑

𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]
]}            (D_2 − 22a) 

            

 

 

 

𝜑 
(2)

0
𝜅2(𝑥, 𝑣 < 0) = (−

𝑑𝑓𝜑
2 𝐸0

2

ħ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−1/2[𝑆000

10 𝑓0
0 − 𝑅000

10 𝜑0
0](−1)𝜅2+1𝐵000

𝜅21 × 

{
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2[(𝑥 − 𝑙)/𝑣]}

𝛾𝜑
𝜅2

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝑥 − 𝑙)/𝑣]}(−𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2[(𝑥 − 𝑙)/𝑣]})

[(𝛾𝜉
1 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
] 

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)

[
(1 − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2[(𝑥 − 𝑙)/𝑣]}

𝛾𝜑
𝜅2

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝑥 − 𝑙)/𝑣]}(− 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2[(𝑥 − 𝑙)/𝑣]})

[(𝛾𝜉
1 − 𝛾𝜑

𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]
]}                 (D_2 − 22b) 

           

 

Recall that 

(−
𝑑𝑓𝜑

2𝐸0
2

ħ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−1/2[𝑆000

10 𝑓 
(0)

0
0 − 𝑅000

10 𝜑 
(0)

0
0](−1)𝜅2+1𝐵000

𝜅21

= [𝑈
𝑓𝜑

𝐹𝑓𝐹𝜑] (−1)𝜅2+1𝐵000
𝜅21  

 

After averaging over the cell thickness l, we obtain the corresponding solutions for both directions 

of atomic motion: 𝜌0
𝜅2(𝑢 > 0), 𝜌0

𝜅2(𝑢 < 0);  (𝜌 = 𝑓, 𝜑) 
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𝑓0
𝜅2(𝑢 > 0) = (

𝑑𝑓𝜑
2𝐸0

2

ħ2𝛾𝑓𝛾𝜑
) (

𝛾𝑓𝛾𝜑

(𝑘𝑣𝑇)2
)
(−1)𝐹𝑓+𝐹𝜑

3𝑘𝑙√𝜋
(

𝜑0
0

2𝐹𝜑 + 1
−

𝑓0
0

2𝐹𝑓 + 1
) × 

 𝐶000
𝜅21. ∫ 𝑑𝑢

∞

0
{

𝛷

𝛤𝑓
𝜅2  

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

] +
𝑢(𝑒

{−𝛤
𝑓
𝜅2.𝛷/𝑢}

−1)

(𝛤𝑓
𝑘2)2

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

]  −

 
𝑢(𝑒

{−𝛤
𝑓
𝜅2.𝛷/𝑢}

−1)

(𝛤
𝑓
𝑘2)

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)]

] +

 [
𝑢(𝑒−𝑖𝛷.𝑒

{−(𝛤𝜉
1+𝑖𝛺)𝛷/𝑢}

−1)

[𝛥𝛤
𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)][𝛤𝜉

1+𝑖(𝛺+𝑢)]2
+

𝑢(𝑒+𝑖𝛷.𝑒
{−(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢}
−1)

[𝛥𝛤
𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)][𝛤𝜉

1−𝑖(𝛺+𝑢)]2
] } 𝑒{−𝑢2}                                    (А_2-21a) 

 

𝑓0
𝜅2(𝑢 < 0) = (

𝑑𝑓𝜑
2𝐸0

2

ħ2𝛾𝑓𝛾𝜑
) (

𝛾𝑓𝛾𝜑

(𝑘𝑣𝑇)2
)

(−1)
𝐹𝑓+𝐹𝜑

3𝑘𝑙√𝜋
(

𝜑0
0

2𝐹𝜑+1
−

𝑓0
0

2𝐹𝑓+1
) . 𝐶000

𝜅21. ∫ 𝑑𝑢
0

−∞
. {

𝛷

𝛤
𝑓
𝜅2 [

1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+

1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

] +
𝑢(1−𝑒

{+𝛤
𝑓
𝜅2.𝛷/𝑢}

)

(𝛤𝑓
𝑘2)2

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

] −

 
𝑢(1−𝑒

{+𝛤
𝑓
𝜅2.

𝛷
𝑢

}
)

(𝛤𝑓
𝑘2)

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)]

] +

[
𝑢(1−𝑒+𝑖𝛷.𝑒

{+(𝛤𝜉
1+𝑖𝛺)𝛷/𝑢}

)

[𝛥𝛤
𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)][𝛤𝜉

1+𝑖(𝛺+𝑢)]2
+

𝑢(1−𝑒−𝑖𝛷.𝑒
{+(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢}
)

[𝛥𝛤
𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)][𝛤𝜉

1−𝑖(𝛺+𝑢)]2
] } 𝑒{−𝑢2}                                   (А_2-21b) 

 

Here 𝛥𝛤𝑓𝜉
𝜅21 = 𝛤𝑓

𝜅2 − 𝛤𝜉
1 and the expression in front of the integral can be written: 

 

(
𝑑𝑓𝜑

2𝐸0
2

ħ2𝛾𝑓𝛾𝜑
)(

𝛾𝑓𝛾𝜑

(𝑘𝑣𝑇)2
)
(−1)𝐹𝑓+𝐹𝜑

3𝑘𝑙√𝜋
(

𝜑0
0

2𝐹𝜑 + 1
−

𝑓0
0

2𝐹𝑓 + 1
). 𝐶000

𝜅21 = 

[(
𝑑𝑓𝜑

2𝐸0
2

ħ2
)
(−1)𝐹𝑓+𝐹𝜑

3
(

𝜑0
0

2𝐹𝜑 + 1
−

𝑓0
0

2𝐹𝑓 + 1
)]. [

(𝛾𝑓𝛾𝜑)

(𝛾𝑓𝛾𝜑)(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
]𝐶000

𝜅21 = 

[
1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] 𝐶000
𝜅21                                                                                                 (А_2 − 21c) 

We can rewrite the sum of  solutions (А_2-21a,b) in compact form as: 

 

𝑓 
(2)

0
𝜅2 = 𝑓 

(2)
0
𝜅2(𝑢 > 0) + 𝑓 

(2)
0
𝜅2(𝑢 < 0) = [

1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] [ 𝐽 
(2)

𝑓 
+ + 𝐽 

(2)
𝑓 
−]𝐶000

𝜅21.   

        (А_2- 22)  

Again, if the contribution of spontaneous transfer is not taken into account, the solutions for the 

corresponding components 𝜑 
(2)

0
𝜅2(𝑢 > 0, 𝑢 < 0) are obtained by replacing 𝛤𝑓 → 𝛤𝜑𝜑 and 𝐶

𝑞𝑞′𝑄
𝜅𝜅′

 

by (−1)𝜅+1𝐵
𝑞𝑞′𝑄
𝜅𝜅′

   and thus: 

𝜑 
(2)

0
𝜅2 = 𝜑 

(2)
0
𝜅2(𝑢 > 0) + 𝜑 

(2)
0
𝜅2(𝑢 < 0) = [

1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] [ 𝐽 
(2)

𝜑
+ + 𝐽 

(2)
𝜑
−](−1)𝜅2+1𝐵000

𝜅21.  

(А_2-23)       

We can calculate the unpolarized fluorescence intensity 𝐼𝑓𝜑(𝑛⃗ )  in direction 𝑛⃗ : 
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𝐼 
(2)

𝑓𝜑(𝑛⃗ )  = 𝐾0 ‖𝑑𝐹𝜑𝐹𝑓

2 ‖ [
𝑓 

(2)
0
0

3(2𝐹𝑓+1)1/2
+ 5(−1)𝐹𝑓+𝐹𝜑 {

1 1 2
𝐹𝑓 𝐹𝑓 𝐹𝜑

} [∑(−1)𝑞  𝑓 
(2)

𝑞
2𝑇−𝑞

2 ( 𝑛⃗ )]]   

        (А_2-26) 

 

It is easy to show that, if the influence of the spontaneous transfer is neglected, for the 

transitions in question, the largest contribution to the unpolarized fluorescence comes from the 

population 𝑓 
(2)

0
0, which can be written in abbreviated form as follows using the above notation  

𝑓 
(2)

0
0 = [

𝑑𝑓𝜑
2𝐸0

2

(ħ𝛾𝑓)2
] (

𝛾𝑓

𝛾𝜑
) (𝛤𝑓𝛤𝜑)

(𝛥𝑁𝜑𝑓)

3√𝜋

[ 𝐽 
(2)

𝑓
+
+ 𝐽 

(2)
𝑓
−
]

𝛷
 =  

(𝛥𝑁𝜑𝑓)

3√𝜋
[
𝛺𝑅𝑎𝑏𝑖

2

(𝛾𝑓)2
]

(𝛾𝑓)2

(𝑘𝑣𝑇)2

[ 𝐽 
(2)

𝑓
+
+ 𝐽 

(2)
𝑓
−
]

𝛷
(А_2-22а) 

 

Thus, the fluorescence intensity from a given transition is proportional to the correction to the 

population 𝑓 
(2)

0
0, i.e. the sum of the integrals  [ 𝐽 

(2)
𝑓
+

+ 𝐽 
(2)

𝑓
−
] : 

𝐼𝑓𝜑
𝑢𝑛𝑝𝑜𝑙 ∝ 𝐶0

‖𝑑𝐹𝑓𝐹𝜑
2 ‖

3√2𝐹𝑓+1

(𝛥𝑁𝜑𝑓)

3√𝜋
[
𝑑𝐹𝑓𝐹𝜑

2 𝐸0
2

(ħ𝛾𝑓)2
]

(𝛾𝑓)2

(𝑘𝑣𝑇)2

[ 𝐽 
(2)

𝑓
+
+ 𝐽 

(2)
𝑓
−
]

𝛷
                                                 (А_2-26a) 

 

 

App_2b - 2nd order spontaneous transfer  

 Name of the program– 2nd-order_spontan 

 

Next, we need to write down the correction   𝜑̃𝑞
𝜅2 to the solutions for the lower state 𝜑 

(2)
0
𝜅2 taking 

into account spontaneous transfer of the excitation, proceeding from the additional term  

𝛤𝐹𝑓𝐹𝜑

𝜅2 𝑓𝑞
𝜅2(𝑥, 𝑣) in (A12b), 

𝜕

𝜕𝑥
𝜑̃𝑞

𝜅2(𝑥, 𝑣) +
𝛾𝜑

𝜅2

𝑣
𝜑̃𝑞

𝜅2(𝑥, 𝑣) =
1

𝑣
𝛤𝐹𝑓𝐹𝜑

𝜅2 𝑓𝑞
𝜅2(𝑥, 𝑣)              (A_2-12b-sp) 

 

and as mentioned above (A_4) 

 

 𝛤 𝐹𝑓 𝐹𝜑

𝜅 = (−1)𝐹𝑓+𝐹𝜑+𝜅+1𝛾𝑓
0(2𝐹𝜑 + 1)(2𝐽𝑓 + 1) × {

𝐹𝑓 𝐹𝜑 1

𝐽𝜑 𝐽𝑓 𝐼
}

2

√(2𝐹𝑓 + 1)(2𝐹𝜑 + 1) {
𝐹𝑓 𝐹𝑓 𝜅

𝐹𝜑 𝐹𝜑 1
}              

        

 

 (2)𝜑̃𝑞
𝜅2(𝑥, 𝑣 > 0) = (−  

𝑑𝑓𝜑
2𝐸0

2

ħ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−1/2[𝑆000

10 𝑓 
(0)

0
0 − 𝑅000

10 𝜑 
(0)

0
0]𝐶000

𝜅21. 𝛤𝐹𝑓𝐹𝜑

𝜅2  

⟨ {(
(1 − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2(𝑥/𝑣)}

𝛾𝑓
𝜅2𝛾𝜑

𝜅2
+

(𝑒𝑥𝑝{ − 𝛾𝑓
𝜅2(𝑥/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2(𝑥/𝑣)}

𝛾𝑓
𝜅2(𝛾𝑓

𝜅2 − 𝛾𝜑
𝜅2)

)(
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)

) 

−  
(𝑒𝑥𝑝{ − 𝛾𝑓

𝜅2(𝑥/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑥/𝑣)}

(𝛾𝑓
𝜅2 − 𝛾𝜑

𝜅2)
× 



9 

 

(
1

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) − 𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) + 𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) 

+(
(𝑒𝑥𝑝{ − [𝛾𝜉

1 + 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑥/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑥/𝑣)}

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) − 𝑖(𝛥𝜔 + 𝑘𝑣)] [𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝜑
𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 − 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑥/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑥/𝑣)}

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) + 𝑖(𝛥𝜔 + 𝑘𝑣)] [𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝜑
𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

)} ⟩  ( D_2 − 24a) 

   

 

 (2)𝜑̃𝑞
𝜅2(𝑦 = 𝑥 − 𝑙, 𝑣 < 0)

= (− 
𝑑𝑓𝜑

2𝐸0
2

ħ2
)[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−1/2[𝑆000

10 𝑓0
0 − 𝑅000

10 𝜑0
0]𝐶000

𝜅21. 𝛤𝐹𝑓𝐹𝜑

𝜅2  

⟨ {(
(1 − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2(𝑦/𝑣)}

𝛾𝑓
𝜅2𝛾𝜑

𝜅2
+

(𝑒𝑥𝑝{ − 𝛾𝑓
𝜅2(𝑦/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑

𝜅2(𝑦/𝑣)}

𝛾𝑓
𝜅2(𝛾𝑓

𝜅2 − 𝛾𝜑
𝜅2)

)(
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)

) 

−  
(𝑒𝑥𝑝{ − 𝛾𝑓

𝜅2(𝑦/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑦/𝑣)}

(𝛾𝑓
𝜅2 − 𝛾𝜑

𝜅2)
× 

(
1

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) − 𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) + 𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) 

+(
(𝑒𝑥𝑝{ − [𝛾𝜉

1 + 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑦/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑦/𝑣)}

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) − 𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝜑
𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒𝑥𝑝{ − [𝛾𝜉

1 − 𝑖(𝛥𝜔 + 𝑘𝑣)](𝑦/𝑣)} − 𝑒𝑥𝑝{ − 𝛾𝜑
𝜅2(𝑦/𝑣)}

[(𝛾𝑓
𝜅2 − 𝛾𝜉

1) + 𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝜑
𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

)} ⟩   (D_2 − 24b) 

 

 

Ultimately, after averaging over the thickness of the cell l, taking into account the spontaneous 

transfer gives an addition 𝜑̃ 0
𝑘2(𝑢 > 0, 𝑢 < 0) to the solution for the lower level 

(Name of the Mc- program– 2nd-order_spontan) 

𝜑̃ 0
𝜅2(𝑢 > 0) = [𝐷̃ 

𝑓𝜑

𝐹𝑓𝐹𝜑]∫ 𝑑𝑢
∞

0

{[
𝛷

𝛤𝑓
𝜅2𝛤𝜑

𝜅2
+ (

1

𝛤𝑓
𝜅2(𝛤𝜑

𝜅2)2
+

1

𝛤𝑓
𝜅2𝛤𝜑

𝜅2(𝛤𝑓
𝜅2 − 𝛤𝜑

𝜅2)
). 𝑢. (𝑒{−𝛤𝜑

𝜅2𝛷/𝑢} − 1) 

−
𝑢. (𝑒

{−𝛤𝑓
𝜅2𝛷/𝑢}

− 1)

(𝛤𝑓
𝜅2)2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝜅2)

][
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

] + 
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+
𝑢(𝑒{−𝛤𝜑

𝜅2 .𝛷/𝑢} − 1)

(𝛤𝜑
𝑘2)

[
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝜑
𝜅2) + 𝑖(𝛺 + 𝑢)]

+ 

1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) + 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝜑
𝜅2) − 𝑖(𝛺 + 𝑢)]

] + 

+[
𝑢(𝑒

{−𝛤𝑓
𝜅2 .𝛷/𝑢}

− 1)

𝛤𝑓
𝜅2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝜅2)

−
𝑢(𝑒{−𝛤𝜑

𝜅2 .𝛷/𝑢} − 1)

𝛤𝜑
𝜅2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝜅2)

][
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) − 𝑖(𝛺 + 𝑢)]

] 

−[
𝑢(𝑒−𝑖𝛷. 𝑒{−(𝛤𝜉

1+𝑖𝛺)𝛷/𝑢} − 1)

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]2[(𝛤𝑓

𝜅2 − 𝛤𝜉
1) − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝜑
𝑘2) + 𝑖(𝛺 + 𝑢)]

+
𝑢(𝑒+𝑖𝛷. 𝑒{−(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢} − 1)

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]2[(𝛤𝑓

𝜅2 − 𝛤𝜉
1) + 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝜑
𝜅2) − 𝑖(𝛺 + 𝑢)]

] } 𝑒{−𝑢−2} 

                 (D_2-24c) 

 

and 

 

𝜑̃ 0
𝜅2(𝑢 < 0) = [𝐷̃ 

𝑓𝜑

𝐹𝑓𝐹𝜑]∫ 𝑑𝑢
0

−∞

{[
𝛷

𝛤𝑓
𝜅2𝛤𝜑

𝜅2
+ (

1

𝛤𝑓
𝜅2(𝛤𝜑

𝜅2)2
+

1

𝛤𝑓
𝜅2𝛤𝜑

𝜅2 (𝛤𝑓
𝜅2 − 𝛤𝜑

𝜅2)
) . 𝑢. 

(1 − 𝑒{+𝛤𝜑
𝜅2𝛷/𝑢}) −

𝑢. (1 − 𝑒
{+𝛤𝑓

𝜅2𝛷/𝑢}
)

(𝛤𝑓
𝜅2)2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝜅2)

][
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

] + 

+
𝑢(1 − 𝑒{+𝛤𝜑

𝜅2𝛷/𝑢})

(𝛤𝜑
𝜅2)

[
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝜑
𝜅2) + 𝑖(𝛺 + 𝑢)]

+ 

1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) + 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝜑
𝜅2) − 𝑖(𝛺 + 𝑢)]

] + 

+[
𝑢(1 − 𝑒

{+𝛤𝑓
𝜅2𝛷/𝑢}

)

𝛤𝑓
𝜅2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝜅2)

−
𝑢(𝑒{−𝛤𝜑

𝜅2 .𝛷/𝑢} − 1)

𝛤𝜑
𝜅2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝜅2)

][
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝑓

𝜅2 − 𝛤𝜉
1) − 𝑖(𝛺 + 𝑢)]

] 

−[
𝑢(1 − 𝑒+𝑖𝛷. 𝑒{+(𝛤𝜉

1+𝑖𝛺)𝛷/𝑢})

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]2[(𝛤𝑓

𝜅2 − 𝛤𝜉
1) − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝜑
𝜅2) + 𝑖(𝛺 + 𝑢)]

 

+
𝑢(1−𝑒−𝑖𝛷.𝑒

{+(𝛤𝜉
1−𝑖𝛺)𝛷/𝑢}

)

[𝛤𝜉
1−𝑖(𝛺+𝑢)]2[(𝛤

𝑓
𝜅2−𝛤𝜉

1)+𝑖(𝛺+𝑢)][(𝛤𝜉
1−𝛤𝜑

𝜅2)−𝑖(𝛺+𝑢)]
] } 𝑒{−𝑢−2}      (D_2-24d) 
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In a more concise form, you can write 

i.e. [𝐷̃ 
𝑓𝜑

𝐹𝑓𝐹𝜑] = (
𝑑𝑓𝜑

2𝐸0
2

ħ2𝛾𝑓𝛾𝜑
)(

𝛾𝑓𝛾𝜑

(𝑘𝑣𝑇)2
)

(−1)
𝐹𝑓+𝐹𝜑

3𝑘𝑙√𝜋
(

𝜑0
0

2𝐹𝜑+1
−

𝑓0
0

2𝐹𝑓+1
). (

𝛤𝐹𝑓𝐹𝜑
𝜅

(𝑘𝑣𝑇)
)𝐶000

𝜅21;  

[𝐷̃ 
𝑓𝜑

𝐹𝑓𝐹𝜑] = [
1

(𝑘𝑣𝑇)3(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] (𝛤𝐹𝑓𝐹𝜑

𝜅 )𝐶000
𝑘21

;  𝜅2 ≡ 𝜅 = 0,2;  𝑘 =
2𝜋

𝜆
;                   (D_2-24e) 

 

As above, we write in compact form 

𝜑̃0
𝜅2 =  (2)𝜑̃0

𝜅2(𝑢 > 0) +  (2)𝜑̃0
𝜅2(𝑢 < 0) = [

1

(𝑘𝑣𝑇)3(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] [ 𝐽 
(2)

𝑠𝑝𝑡𝑟
+ + 𝐽 

(2)
𝑠𝑝𝑡𝑟
− ] 𝛤𝐹𝑓 𝐹𝜑

𝜅2 𝐶000
𝜅21   

                                                                                                                                             (A_2-24) 

 

Of course, the complete solution describing the behavior of the population and the (longitudinal) 

alignment of the lower state will be determined by the sum 

 

𝑠0
𝜅2(𝑢 > 0, < 0) = 𝜑0

𝜅2(𝑢 > 0,< 0) + 𝜑̃0
𝜅2(𝑢 > 0,< 0)   

𝑠0
𝜅2 = 𝜑0

𝜅2 + 𝜑̃0
𝜅2 = [

1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] × 

{(−1)𝜅2+1𝐵000
𝜅21[ 𝐽 

(2)
𝜑
+ + 𝐽 

(2)
𝜑
−] +

𝜞𝑭𝒇 𝑭𝝋

𝜿𝟐

(𝑘𝑣𝑇)
𝐶000

𝜅21[ 𝐽 
(2)

𝑠𝑝𝑡𝑟
+ + 𝐽 

(2)
𝑠𝑝𝑡𝑟
− ] }            (A_2-25) 

 

App_3a 

3rd order Third Order Solutions 

(excluding spontaneous transfer) 

 

Name of the program– 3rd-order 

We write down the expressions necessary for further calculations, (4th order in the laser field) 

first neglecting spontaneous transport. 

For atoms moving in the direction of light beam propagation 

 

𝜉 
(3)  0

𝜅3(𝑥, 𝑣 > 0) = [𝑖
(𝑑𝐸0)

ħ
(2𝐹𝑓 + 1)−1/2] [ 𝑈 

𝑓𝜑

𝐹𝑓𝐹𝜑] 

⟨ ∑𝑆000
𝜅3 𝜅2𝐶000

𝜅2 1{[

𝜅2

(𝑒𝑖𝑘𝑥 − 𝑒
{−(𝛾𝑓

𝜅2+𝑖𝛥𝜔)𝑥/𝑣}
)

[𝛾𝑓
𝜅2 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

−
(𝑒

{−(𝛾𝑓
𝜅2−𝑖𝑘𝑣)𝑥/𝑣}

− 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝑓

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
] ×

1

𝛾𝑓
𝜅2

(
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) − 

(𝑒
{−(𝛾𝑓

𝜅2−𝑖𝑘𝑣)𝑥/𝑣}
− 𝑒

{−(𝛾
𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝑓

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
× (

1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) + 
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[
(𝑒{−(𝛾𝜉

1−𝑖𝛥𝜔)𝑥/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜉

1)(𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒{−[𝛾𝜉

1−𝑖(𝛥𝜔+2𝑘𝑣)]𝑥/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜉

1) + 2𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

]}

+ ∑(−1)𝜅3+𝜅2

𝑘2

𝑅000
𝜅3 𝜅2(−1)𝜅2+1𝐵000

𝜅2 1{𝛾𝑓
𝜅2 ↔ 𝛾𝜑

𝜅2} ⟩                               (D_3_32a) 

    

and 

 

𝜉 
(3)  0

𝜅3(𝑦 = 𝑥 − 𝑙, 𝑣 < 0) = [𝑖
(𝑑 𝐸0)

ħ
(2𝐹𝑓 + 1)−1/2] [ 𝑈 

𝑓𝜑

𝐹𝑓𝐹𝜑] 

⟨(𝑒𝑖𝑘𝑙)∑𝑆0 0 0
𝜅3 𝜅2𝐶0 0 0

𝜅2 1 {[

𝜅2

(𝑒𝑖𝑘𝑦 − 𝑒
{−(𝛾𝑓

𝜅2+𝑖𝛥𝜔)𝑦/𝑣}
)

[𝛾𝑓
𝜅2 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

−
(𝑒

{−(𝛾𝑓
𝜅2−𝑖𝑘𝑣)𝑦/𝑣}

− 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝑓

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
] ×

1

𝛾𝑓
𝜅2

(
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) − 

(𝑒
{−(𝛾𝑓

𝜅2−𝑖𝑘𝑣)𝑦/𝑣}
− 𝑒

{−(𝛾
𝜉
𝜅3+𝑖𝛥𝜔)𝑦/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝑓

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
× (

1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) + 

[
(𝑒{−(𝛾𝜉

1−𝑖𝛥𝜔)𝑦/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜉

1)(𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒{−[𝛾𝜉

1−𝑖(𝛥𝜔+2𝑘𝑣)]𝑦/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜉

1) + 2𝑖(𝛥𝜔 + 𝑘𝑣)][𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝑓
𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

]}

+ ∑(−1)𝜅3+𝜅2

𝑘2

𝑅0 0 0
𝜅3 𝜅2(−1)𝜅2+1𝐵0 0 0

𝜅2 1 {𝛾𝑓
𝜅2 ↔ 𝛾𝜑

𝜅2} ⟩;                                   

                    

𝑎𝑛𝑑 𝑦 = (𝑥 − 𝑙)                                                                                                         (D_3 − 32b) 

 

 

For atoms moving against the direction of propagation of a light beam 

 

Solutions (D_3-32 a,b) can be  used to calculate  4-th  order corrections 𝑓 
(4)

𝑞
𝜅 and 𝜑 

(4)
𝑞
𝜅. 
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After averaging over the cell thickness l, we obtain corrections for the transmitted field (again, 

excluding the contribution of the spontaneous transfer) 

 

𝐸 
(3)

𝑡𝑟𝑠𝑚
𝜅3 (𝑢 > 0) = −

2𝜋1 2⁄

3
(
𝑑𝐹𝑓𝐹𝜑

2

 
𝐸0

2

ℏ2𝛾𝑓𝛾𝜑
)(

𝑑𝐹𝑓𝐹𝜑

2

ℏ√𝛾𝑓𝛾𝜑

)
(𝛾𝑓𝛾𝜑)3 2⁄

(𝑘𝑣𝑡)3
× 

(
𝜑0

0

2𝐹𝜑 + 1
−

𝑓0
0

2𝐹𝑓 + 1
) [(2𝐹𝑓 + 1) (2𝐹𝜑 + 1)]−1/2𝐸0 × 

∑⟨ (𝑆000
𝜅3𝜅2𝐶000

𝜅21

𝜅2

)∫ 𝑑𝑢
∞

0

{[
1

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

× (𝛷 +
𝑢. (𝑒{−𝑖𝛷}𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) 

+
1

[(𝛤
𝜉
𝜅3 − 𝛤𝑓

𝜅2) + 𝑖(𝛺 + 𝑢)]
(
𝑢. (𝑒

{−𝛤𝑓
𝜅2𝛷/𝑢}

− 1)

𝛤𝑓
𝜅2

−
𝑢. (𝑒{−𝑖𝛷}𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)] × 

1

𝛤𝑓
𝜅2

(
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

) + 

+
1

[(𝛤
𝜉
𝜅3 − 𝛤𝑓

𝜅2) + 𝑖(𝛺 + 𝑢)]
(
𝑢. (𝑒

{−𝛤𝑓
𝜅2𝛷 𝑢⁄ }

− 1)

𝛤𝑓
𝜅2

−
𝑢. (𝑒{−𝑖𝛷}𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) × 

(
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) − 𝑖(𝛺 + 𝑢)]

)

− (
𝑢(𝑒{−𝑖𝛷}. 𝑒{−(𝛤𝜉

1+𝑖𝛺)𝛷/𝑢} − 1)

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

−
𝑢(𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) × 

1

(𝛤
𝜉
𝜅3 − 𝛤𝜉

1)[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) + 𝑖(𝛺 + 𝑢)]

 

−(
𝑢(𝑒{+𝑖𝛷}. 𝑒{−(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢} − 1)

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

−
𝑢(𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) 

1

[(𝛤
𝜉
𝜅3 − 𝛤𝜉

1) + 2𝑖(𝛺 + 𝑢)][𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) − 𝑖(𝛺 + 𝑢)]

}𝑒{−𝑢2} 

+(−1)𝜅3+1𝑅0  0 0
𝜅3𝜅2 𝐵0  0 0

𝜅21 ∫ 𝑑𝑢
∞

0
{𝑡ℎ𝑒 𝑠𝑎𝑚𝑒,  𝑏𝑢𝑡 𝑓 ↔ 𝜑 }𝑒{−𝑢2}⟩                               (D_3-33a) 

and 

𝐸 
(3)

𝑡𝑟𝑠𝑚
𝜅3 (𝑢 < 0) = −

2𝜋
1
2

3
(
𝑑𝐹𝑓𝐹𝜑

2

 
𝐸0

2

ℏ2𝛾𝑓𝛾𝜑
)(

𝑑𝐹𝑓𝐹𝜑

2

 

ℏ√𝛾𝑓𝛾𝜑

)
(𝛾𝑓𝛾𝜑)

3
2

(𝑘𝑣𝑡)3
(

𝜑0
0

2𝐹𝜑 + 1
−

𝑓0
0

2𝐹𝑓 + 1
) 

[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]−1/2. 𝐸0. 

∑⟨ (𝑆0 0 0
𝜅3𝜅2𝐶0 0 0

𝜅21

𝜅2

)∫ 𝑑𝑢
0

−∞

{[
1

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

× (𝛷 +
𝑢. (1 − 𝑒{𝑖𝛷}𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) 

+
1

[(𝛤
𝜉
𝜅3 − 𝛤𝑓

𝜅2) + 𝑖(𝛺 + 𝑢)]
(
𝑢. (1 − 𝑒

{𝛤𝑓
𝜅2𝛷/𝑢}

)

𝛤𝑓
𝜅2

−
𝑢. (1 − 𝑒{𝑖𝛷}𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)] 
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1

𝛤𝑓
𝜅2

(
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

) + 

 

+
1

[(𝛤
𝜉
𝜅3 − 𝛤𝑓

𝜅2) + 𝑖(𝛺 + 𝑢)]
(
𝑢. (1 − 𝑒

{−𝛤𝑓
𝜅2𝛷/𝑢}

)

𝛤𝑓
𝜅2

−
𝑢. (1 − 𝑒{𝑖𝛷}𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)  × 

(
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) − 𝑖(𝛺 + 𝑢)]

) 

−(
𝑢(1 − 𝑒{𝑖𝛷}. 𝑒{(𝛤𝜉

1+𝑖𝛺)𝛷/𝑢})

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

−
𝑢(1 − 𝑒{𝑖𝛷}. 𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)  × 

1

(𝛤
𝜉
𝜅3 − 𝛤𝜉

1)[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) + 𝑖(𝛺 + 𝑢)]

 

−(
𝑢(1 − 𝑒{−𝑖𝛷}. 𝑒{(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢})

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

−
𝑢(1 − 𝑒{𝑖𝛷}. 𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)  × 

1

[(𝛤
𝜉
𝜅3 − 𝛤𝜉

1) + 2𝑖(𝛺 + 𝑢)][𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)][(𝛤𝜉

1 − 𝛤𝑓
𝜅2) − 𝑖(𝛺 + 𝑢)]

}𝑒{−𝑢2} 

+(−1)𝜅3+1𝑅0  0 0
𝜅3𝜅2 𝐵0  0 0

𝜅21 ∫ 𝑑𝑢
0

−∞
{𝑡ℎ𝑒 𝑠𝑎𝑚𝑒,  𝑏𝑢𝑡 𝑓 ↔ 𝜑 }𝑒{−𝑢2}⟩                               (D_3-33b)  

 

 

By designating  

[𝑄 
𝑓𝜑

𝐹𝑓𝐹𝜑] = (−1)
2𝜋1/2

3
(

𝑑𝐹𝑓

2

𝐹𝜑

𝐸0
2

ℏ2𝛾𝑓𝛾𝜑
)(

𝑑𝐹𝑓

2

𝐹𝜑

ℏ√𝛾𝑓𝛾𝜑
)
(𝛾𝑓𝛾𝜑)3/2

(𝑘𝑣𝑡)
3

(
𝜑0

0

2𝐹𝜑 + 1
−

𝑓0
0

2𝐹𝑓 + 1
)[(2𝐹𝑓 + 1)(2𝐹𝑓 + 1)]−1/2 

 

you can write 

 

 𝐸 
(3)

𝑡𝑟𝑠𝑚
𝜅3 = 𝐸 

(3)
𝑡𝑟𝑠𝑚
𝜅3 (𝑢 > 0) + 𝐸 

(3)
𝑡𝑟𝑠𝑚
𝜅3 (𝑢 < 0) = 

[𝑄 
𝑓𝜑

𝐹𝑓𝐹𝜑
] 𝐸0 ∑⟨ (𝑆0  0 0

𝜅3𝜅2 𝐶0  0 0
𝜅21

𝑘2

)[ 𝐽 
(3)

𝑓
+ + 𝐽 

(3)
𝑓
−] + (−1)𝜅3+1𝑅0  0 0

𝜅3𝜅2 𝐵0  0 0
𝜅21 [ 𝐽 

(3)
𝜑
+ + 𝐽 

(3)
𝜑
−] ⟩ 

(𝜅𝑖 −  𝑘𝑎𝑝𝑝𝑎, 𝑖 −  𝑟𝑎𝑛𝑘) 
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Apps_3b 

3rd order- Nonlinear optical coherences solutions, 

including influence of the spontaneous emission transfer 

Name of the Mc-program– 3rd-order-spont_trans 

 

To take into account the SPONTANEOUS TRANSFER IN THIRD ORDER, it is necessary in 

the equation for 𝜉 
(3)  0

𝜅3(𝑥, 𝑣)  to include the solution  (2)𝜑̃𝑞
𝜅2(𝑥, 𝑣 > 0) 

and  (2)𝜑̃𝑞
𝜅2(𝑥, 𝑣 < 0). The total 3rd order- solution  is sum 𝜉 

(3)  0
𝜅3 +  (3)𝜉

0

𝜅3 

 

Solutions for  (3)𝜉0
𝜅3(𝒙, 𝒗) 

For  v>0  

 (3)𝜉0
𝜅3(𝑥, 𝑣 > 0) = [𝑖

(𝑑𝐸0)

ħ
(2𝐹𝑓 + 1)−1/2][𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] 

⟨𝛤𝐹𝑓𝐹𝜑
𝜅2 ∑(−1)𝜅3+𝜅2

𝑘2

𝑅0 0 0
𝜅3 𝜅2𝐶0 0 0

𝜅2 1 { [
1

𝛾𝑓
𝜅2𝛾𝜑

𝜅2
(
(𝑒𝑖𝑘𝑥 − 𝑒

{−(𝛾
𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[𝛾
𝜉
𝜅3 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

  

−  
(𝑒{−(𝛾𝜑

𝜅2−𝑖𝑘𝑣)𝑥/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
) − 

1

𝛾𝑓
𝜅2(𝛾𝑓

𝜅2 − 𝛾𝜑
𝜅2)

(
(𝑒

{−(𝛾𝑓
𝜅2−𝑖𝑘𝑣)𝑥/𝑣}

− 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾𝑓
𝜅2 − 𝛾

𝜉
𝜅3) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒{−(𝛾𝜑

𝜅2−𝑖𝑘𝑣)𝑥/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
)](

1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) + 

1

(𝛾𝑓
𝜅2 − 𝛾𝜑

𝜅2)
(
(𝑒

{−(𝛾𝑓
𝜅2−𝑖𝑘𝑣)𝑥/𝑣}

− 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾𝑓
𝜅2 − 𝛾

𝜉
𝜅3) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒{−(𝛾𝜑

𝜅2−𝑖𝑘𝑣)𝑥/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
) × 

∗ (
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝑓

𝜅2 − 𝛾𝜉
1) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝑓

𝜅2 − 𝛾𝜉
1) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

) + 

(
(𝑒{−(𝛾𝜉

1+𝑖𝛥𝜔)𝑥/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜉

1)]
−

(𝑒{−(𝛾𝜑
𝜅2−𝑖𝑘𝑣)𝑥/𝑣} − 𝑒

{−(𝛾
𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
)

∗
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝑓

𝜅2 − 𝛾𝜉
1) − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝜑
𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+ 

[
(𝑒

{−(𝛾𝜉
1−𝑖(𝛥𝜔+2𝑘𝑣)𝑥/𝑣}

−𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉

𝜅3−𝛾𝜉
1)+2𝑖(𝛥𝜔+𝑘𝑣)]

−
(𝑒

{−(𝛾𝜑
𝜅2−𝑖𝑘𝑣)𝑥/𝑣}

−𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑥/𝑣}

)

[(𝛾
𝜉

𝜅3−𝛾𝜑
𝜅2)+𝑖(𝛥𝜔+𝑘𝑣)]

]   

1

[𝛾𝜉
1−𝑖(𝛥𝜔+𝑘𝑣)][(𝛾𝑓

𝜅2−𝛾𝜉
1)+𝑖(𝛥𝜔+𝑘𝑣)][(𝛾𝜉

1−𝛾𝜑
𝜅2)−𝑖(𝛥𝜔+𝑘𝑣)]

} ⟩                                                         (D_3-34a) 
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For v<0 

 (3)𝜉0
𝜅3(𝑦 = (𝑥 − 𝑙), 𝑣 < 0) = [𝑖

(𝑑𝐸0)

ħ
(2𝐹𝑓 + 1)−

1
2][𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] 

⟨𝛤𝐹𝑓𝐹𝜑
𝜅2 ∑(−1)𝜅3+𝜅2

𝑘2

𝑅0 0 0
𝜅3 𝜅2𝐶0 0 0

𝜅2 1 { [
1

𝛾𝑓
𝜅2𝛾𝜑

𝜅2
(
(𝑒𝑖𝑘𝑦 − 𝑒

{−(𝛾
𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[𝛾
𝜉
𝜅3 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

−
(𝑒{−(𝛾𝜑

𝜅2−𝑖𝑘𝑣)𝑦 𝑣⁄ } − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
) − 

1

𝛾𝑓
𝜅2(𝛾𝑓

𝜅2 − 𝛾𝜑
𝜅2)

(
(𝑒

{−(𝛾𝑓
𝜅2−𝑖𝑘𝑣)𝑦 𝑣⁄ }

− 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[(𝛾𝑓
𝜅2 − 𝛾

𝜉
𝜅3) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒{−(𝛾𝜑

𝜅2−𝑖𝑘𝑣)𝑦 𝑣⁄ } − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
)](

1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)]

) + 

1

(𝛾𝑓
𝜅2 − 𝛾𝜑

𝜅2)
(
(𝑒

{−(𝛾𝑓
𝜅2−𝑖𝑘𝑣)𝑦 𝑣⁄ }

− 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[(𝛾𝑓
𝜅2 − 𝛾

𝜉
𝜅3) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
(𝑒{−(𝛾𝜑

𝜅2−𝑖𝑘𝑣)𝑦 𝑣⁄ } − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
) × 

∗ (
1

[𝛾𝜉
1 + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝑓

𝜅2 − 𝛾𝜉
1) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

+
1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝑓

𝜅2 − 𝛾𝜉
1) + 𝑖(𝛥𝜔 + 𝑘𝑣)]

) + 

(
(𝑒

{−(𝛾𝜉
1+𝑖𝛥𝜔)𝑦 𝑣⁄ }

−𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[(𝛾
𝜉

𝜅3−𝛾𝜉
1)]

−
(𝑒

{−(𝛾𝜑
𝜅2−𝑖𝑘𝑣)𝑦 𝑣⁄ }

−𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ }

)

[(𝛾
𝜉

𝜅3−𝛾𝜑
𝜅2)+𝑖(𝛥𝜔+𝑘𝑣)]

) ×

1

[𝛾𝜉
1+𝑖(𝛥𝜔+𝑘𝑣)][(𝛾𝑓

𝜅2−𝛾𝜉
1)−𝑖(𝛥𝜔+𝑘𝑣)][(𝛾𝜉

1−𝛾𝜑
𝜅2)+𝑖(𝛥𝜔+𝑘𝑣)]

 + 

 

[
(𝑒{−(𝛾𝜉

1−𝑖(𝛥𝜔+2𝑘𝑣)𝑦/𝑣} − 𝑒
{−(𝛾

𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ })

[(𝛾
𝜉
𝜅3 − 𝛾𝜉

1) + 2𝑖(𝛥𝜔 + 𝑘𝑣)]
−

(𝑒{−(𝛾𝜑
𝜅2−𝑖𝑘𝑣)𝑦 𝑣⁄ } − 𝑒

{−(𝛾
𝜉
𝜅3+𝑖𝛥𝜔)𝑦 𝑣⁄ })

[(𝛾
𝜉
𝜅3 − 𝛾𝜑

𝜅2) + 𝑖(𝛥𝜔 + 𝑘𝑣)]
] 

1

[𝛾𝜉
1 − 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝑓

𝜅2 − 𝛾𝜉
1) + 𝑖(𝛥𝜔 + 𝑘𝑣)][(𝛾𝜉

1 − 𝛾𝜑
𝜅2) − 𝑖(𝛥𝜔 + 𝑘𝑣)]

} ⟩ 

                         (D_3-34b)  

After averaging over the cell thickness l, (and given the Dyakonov coefficient due to the 

polarization of the medium 𝑃𝑞
1(𝑥))  we obtain the corresponding solutions for the transmitted 

field for both directions of atomic motion. 

 

Designating the coefficient in front of the amount in the resulting solution  

[𝑖
(𝑑𝐸0)

ħ
(2𝐹𝑓 + 1)−1/2][𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑](2𝜋𝑖𝑘)
(−1)𝐹𝑓−𝐹𝜑

(𝑘𝑣𝑇)3
(2𝐹𝜑 + 1)−1/2(

𝛤𝐹𝑓𝐹𝜑
𝜅2

𝑘𝑣𝑇
) = [𝑄̃

𝑓 𝜑

𝐹𝑓 𝐹𝜑] 

i.e. 



17 

 

[𝑄̃
𝑓 𝜑

𝐹𝑓 𝐹𝜑] = (−1)
2𝜋1/2

3
(
𝑑𝐹𝑓𝐹𝜑

2 𝐸0
2

ℏ2𝛾𝑓𝛾𝜑
)(

𝑑𝐹𝑓𝐹𝜑
2

ℏ√𝛾𝑓𝛾𝜑
)

(𝛾𝑓𝛾𝜑)3/2

(𝑘𝑣𝑡)
3 (

𝜑0
0

2𝐹𝜑+1
−

𝑓0
0

2𝐹𝑓+1
)[(2𝐹𝑓 + 1)(2𝐹𝑓 + 1)]−

1

2(
𝛤𝐹𝑓𝐹𝜑

𝜅2

𝑘𝑣𝑇
)      

                       (D_3-35a) 

 

 (3)𝐸̃𝑠𝑝𝑡𝑟
𝜅3 (𝑢 > 0) ∝ ∑𝐽+𝑖

𝑠𝑝

𝑖

;   (3)𝐸̃𝑠𝑝𝑡𝑟
𝜅3 (𝑢 < 0) ∝ ∑𝐽−𝑖

𝑠𝑝

𝑖

 

 

For the transmitted field addition to the amplitude after  passing  through the cell 

 (3)𝐸̃𝑠𝑝𝑡𝑟
𝜅3 (𝑢 > 0) = [𝑄̃

𝑓 𝜑

𝐹𝑓 𝐹𝜑]∑(−1)𝜅3+𝜅2𝑅0 0 0
𝜅3 𝜅2𝐶0 0 0

𝜅2 1 ∑𝐽+𝑖
𝑠𝑝

5

𝑖=1𝜅2

; 

 (3)𝐸̃𝑠𝑝𝑡𝑟
𝜅3 (𝑢 < 0) = [𝑄̃

𝑓 𝜑

𝐹𝑓 𝐹𝜑] ∑ (−1)𝜅3+𝜅2𝑅0 0 0
𝜅3 𝜅2𝐶0 0 0

𝜅2 1 ∑ 𝐽−𝑖
𝑠𝑝−5

𝑖=−1𝑖                      (D_3-35b) 

 

where 

 

𝐽+1
𝑠𝑝

∝ ∫ 𝑑𝑢
∞

0

{
1

𝛤𝑓
𝜅2𝛤𝜑

𝜅2
[

1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

] × 

[
1

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

(𝛷 +
𝑢. (𝑒{−𝑖𝛷}𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) + 

1

[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
(
𝑢. (𝑒{−𝛤𝜑

𝜅2𝛷/𝑢} − 1)

𝛤𝜑
𝜅2

−
𝑢. (𝑒{−𝑖𝛷}𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)]} 𝑒{−𝑢2} 

𝐽−1
𝑠𝑝

∝ ∫ 𝑑𝑢
0

−∞

{
1

𝛤𝑓
𝜅2𝛤𝜑

𝜅2
[

1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

] × 

[
1

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

(𝛷 +
𝑢. (1 − 𝑒{+𝑖𝛷}𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) + 

1

[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
(
𝑢. (1 − 𝑒{+𝛤𝜑

𝜅2𝛷/𝑢})

𝛤𝜑
𝜅2

−
𝑢. (1 − 𝑒{+𝑖𝛷}𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)]}𝑒{−𝑢2} 

                        (D_3-35-1) 

 

 

𝐽+2
𝑠𝑝

∝ ∫ 𝑑𝑢
∞

0

{
1

𝛤𝑓
𝜅2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝑘2)

[
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

] × 

[
1

[(𝛤𝑓
𝜅2 − 𝛤

𝜉
𝜅3) − 𝑖(𝛺 + 𝑢)]

(
𝑢. (𝑒

{−𝛤𝑓
𝜅2𝛷/𝑢}

− 1)

𝛤𝑓
𝜅2

−
𝑢. (𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) + 
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1

[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
(
𝑢. (𝑒{−𝛤𝜑

𝜅2𝛷/𝑢} − 1)

𝛤𝑓
𝜅2

−
𝑢. (𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

)]}𝑒{−𝑢2} 

𝐽−2
𝑠𝑝

∝ ∫ 𝑑𝑢
0

−∞

{
1

𝛤𝑓
𝜅2(𝛤𝑓

𝜅2 − 𝛤𝜑
𝜅2)

[
1

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

+
1

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

] × 

[
1

[(𝛤𝑓
𝜅2 − 𝛤

𝜉
𝜅3) − 𝑖(𝛺 + 𝑢)]

(
𝑢. (1 − 𝑒

{+𝛤𝑓
𝜅2𝛷/𝑢}

)

𝛤𝑓
𝜅2

−
𝑢. (1 − 𝑒{+𝑖𝛷}. 𝑒

{+(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

) + 

1

[(𝛤
𝜉

𝜅3−𝛤𝜑
𝜅2)+𝑖(𝛺+𝑢)]

(
𝑢.(1−𝑒

{+𝛤𝜑
𝜅2𝛷/𝑢}

)

𝛤𝑓
𝜅2 −

𝑢.(1−𝑒{+𝑖𝛷}.𝑒
{+(𝛤

𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉

𝜅3+𝑖(𝛺+𝑢)]
)]} 𝑒{−𝑢2}                        (D_3-35-2) 

 

 

 𝐽3
𝑠𝑝

∝  (−1) ∫ 𝑑𝑢
∞

0
{[

1

(𝛤𝑓
𝜅2−𝛤𝜑

𝜅2)[(𝛤𝑓
𝜅2−𝛤

𝜉

𝜅3)−𝑖(𝛺+𝑢)]
[
𝑢.(𝑒

{−𝛤
𝑓
𝜅2𝛷/𝑢}

−1)

𝛤𝑓
𝜅2 −

𝑢.(𝑒{−𝑖𝛷}𝑒
{−(𝛤

𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

−1)

[𝛤
𝜉

𝜅3+𝑖(𝛺+𝑢)]
] + 

1

(𝛤𝑓
𝜅2 − 𝛤𝜑

𝜅2)[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
[
𝑢. (𝑒{−𝛤𝜑

𝜅2𝛷/𝑢} − 1)

𝛤𝜑
𝜅2

−
𝑢. (𝑒{−𝑖𝛷}𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

]] 

× [
1

[(𝛤𝑓
𝜅2−𝛤𝜉

1)−𝑖(𝛺+𝑢)][𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][(𝛤𝑓

𝜅2−𝛤𝜉
1)+𝑖(𝛺+𝑢)]

]} 𝑒{−𝑢2}               (D_3-35-3) 

 

 𝐽−3
𝑠𝑝

∝ (−1)∫ 𝑑𝑢
0

−∞

{[
1

(𝛤𝑓
𝜅2 − 𝛤𝜑

𝜅2)[(𝛤𝑓
𝜅2 − 𝛤

𝜉

𝜅3) − 𝑖(𝛺 + 𝑢)]
[
𝑢. (1 − 𝑒

{+𝛤𝑓
𝜅2𝛷/𝑢}

)

𝛤𝑓
𝜅2

 

−
𝑢. (1 − 𝑒{+𝑖𝛷}. 𝑒

{+(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉

𝜅3 + 𝑖(𝛺 + 𝑢)]
] + 

1

(𝛤𝑓
𝜅2 − 𝛤𝜑

𝜅2)[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
[
𝑢. (1 − 𝑒{+𝛤𝜑

𝜅2𝛷/𝑢})

𝛤𝜑
𝜅2

−
𝑢. (1 − 𝑒{+𝑖𝛷}𝑒

{+(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

]] 

× [
1

[(𝛤𝑓
𝜅2−𝛤𝜉

1)−𝑖(𝛺+𝑢)][𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][(𝛤𝑓

𝜅2−𝛤𝜉
1)+𝑖(𝛺+𝑢)]

]} 𝑒{−𝑢2}        (D_3-35-4) 

 

𝐽4
𝑠𝑝

∝ ∫ 𝑑𝑢
∞

0

{[
(−1)

(𝛤
𝜉
𝜅3 − 𝛤𝜉

1)
[
𝑢(𝑒{−𝑖𝛷}. 𝑒{−(𝛤𝜉

1+𝑖𝛺)𝛷/𝑢} − 1)

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

−
𝑢(𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

] + 

1

[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
[
𝑢. (𝑒{−𝛤𝜑

𝜅2𝛷/𝑢} − 1)

𝛤𝜑
𝜅2

−
𝑢(𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

]] × 

1

[𝛤𝜉
1+𝑖(𝛺+𝑢)][(𝛤𝑓

𝜅2−𝛤𝜉
1)−𝑖(𝛺+𝑢)][(𝛤𝜉

1−𝛤𝜑
𝜅2)+𝑖(𝛺+𝑢)]

} 𝑒{−𝑢2}                                           (D_3-35-5) 
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𝐽−4
𝑠𝑝

∝ ∫ 𝑑𝑢
0

−∞

{[
(−1)

(𝛤
𝜉
𝜅3 − 𝛤𝜉

1)
[
𝑢(1 − 𝑒{+𝑖𝛷}. 𝑒{+(𝛤𝜉

1+𝑖𝛺)𝛷/𝑢})

[𝛤𝜉
1 + 𝑖(𝛺 + 𝑢)]

−
𝑢(1 − 𝑒{+𝑖𝛷}. 𝑒

{+(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

] + 

1

[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
[
𝑢. (1 − 𝑒{+𝛤𝜑

𝜅2𝛷/𝑢})

𝛤𝜑
𝜅2

−
𝑢(1 − 𝑒{+𝑖𝛷}. 𝑒

{+(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

]] × 

1

[𝛤𝜉
1+𝑖(𝛺+𝑢)][(𝛤𝑓

𝜅2−𝛤𝜉
1)−𝑖(𝛺+𝑢)][(𝛤𝜉

1−𝛤𝜙
𝜅2)+𝑖(𝛺+𝑢)]

} 𝑒{−𝑢2}                                          (D_3-35-6) 

 

𝐽5
𝑠𝑝

∝ ∫ 𝑑𝑢
∞

0

{[
(−1)

[(𝛤
𝜉
𝜅3 − 𝛤𝜉

1) + 2𝑖(𝛺 + 𝑢)]
[
𝑢(𝑒{+𝑖𝛷}. 𝑒{−(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢} − 1)

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

−
𝑢(𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

] 

+
1

[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
[
𝑢. (𝑒{−𝛤𝜑

𝜅2𝛷/𝑢} − 1)

𝛤𝜑
𝜅2

−
𝑢(𝑒{−𝑖𝛷}. 𝑒

{−(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

− 1)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

]] 

1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][(𝛤𝑓

𝜅2−𝛤𝜉
1)+𝑖(𝛺+𝑢)][(𝛤𝜉

1−𝛤𝜑
𝜅2)−𝑖(𝛺+𝑢)]

} 𝑒{−𝑢2}                                           (D_3-35-7) 

 

𝐽−5
𝑠𝑝

∝ ∫ 𝑑𝑢
0

−∞

{[
(−1)

[(𝛤
𝜉
𝜅3 − 𝛤𝜉

1) + 2𝑖(𝛺 + 𝑢)]
× 

[
𝑢(1 − 𝑒{−𝑖𝛷}. 𝑒{+(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢})

[𝛤𝜉
1 − 𝑖(𝛺 + 𝑢)]

−
𝑢(1 − 𝑒{+𝑖𝛷}. 𝑒

{+(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

]  

+
1

[(𝛤
𝜉
𝜅3 − 𝛤𝜑

𝜅2) + 𝑖(𝛺 + 𝑢)]
[
𝑢. (1 − 𝑒{+𝛤𝜑

𝜅2𝛷/𝑢})

𝛤𝜑
𝜅2

−
𝑢(1 − 𝑒{+𝑖𝛷}. 𝑒

{(𝛤
𝜉
𝜅3+𝑖𝛺)𝛷/𝑢}

)

[𝛤
𝜉
𝜅3 + 𝑖(𝛺 + 𝑢)]

]] × 

1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][(𝛤𝑓

𝜅2−𝛤𝜉
1)+𝑖(𝛺+𝑢)][(𝛤𝜉

1−𝛤𝜑
𝜅2)−𝑖(𝛺+𝑢)]

} 𝑒{−𝑢2}                                                   (D_3-35-8) 

 

Apps_4_NL Absorption 

Basic formulas for numerical calculations of nonlinear absorption          

𝐸 
(1)

𝑡𝑟𝑠𝑚
1 = 𝐾(𝐹𝑓 , 𝐹𝜑 , 𝑘𝑣𝑇)𝐸0. [ 𝐽 

(1)
1
+ + 𝐽 

(1)
1
−]                                                                     (A_4-20) 

𝐸 
(𝑠)

𝑡𝑟𝑠𝑚
𝜅𝑖 = (−1)𝐹𝑓−𝐹𝜑(2𝐹𝜑 + 1)−

1

22𝜋𝑖𝑘𝑑 ∫ 𝑒𝑥𝑝[ − 𝑖𝑘𝑥′)] ∫ 𝑊(𝑣)  𝜉 
(𝑠)

0
𝜅𝑖+∞

−∞
(𝑥, 𝑣) 𝑑𝑣 𝑑𝑥′

𝑙

0
;       

     (A_4-27) 

𝐸 
(3)

𝑡𝑟𝑠𝑚
1 +  (3)𝐸̃𝑠𝑝𝑡𝑟

𝜅3 = 𝛽0. 𝐾(𝐹𝜌, 𝛾𝜌, 𝑘𝑣𝑇)𝐸0. ∑ ⟨ (𝑆000
1𝜅 𝐶000

𝜅1
𝑘=0,2 )𝐹𝜑

𝐹𝑓 𝐽 
(3)

𝑓𝜅
1     

+𝑅000
1𝜅 [𝐵000

𝜅1 𝐽 
(3)

𝜑𝜅
1 − 𝐶000

𝜅1 (
𝛤𝐹𝑓𝐹𝜑

𝜅

𝑘𝑣𝑇
)  (3)𝐽𝑠𝑝.𝑡𝑟

1  ] ⟩                                                                    (A_4-28) 
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𝐽 
(3)

𝑓
1 = [ 𝐽 

(3)
𝑓
+ + 𝐽 

(3)
𝑓
−] ;        𝐽 

(3)
𝜑
1 = [ 𝐽 

(3)
𝜑
+ + 𝐽 

(3)
𝜑
−];        (3)𝐽𝑠𝑝.𝑡𝑟

1  = ∑ [𝐽+𝑖
𝑠𝑝 + 𝐽−𝑖

𝑠𝑝]𝑖 𝑠𝑝𝑡𝑟
      

𝐾 (𝐹𝜌,  𝑣𝑇) =−
2𝜋1/2

3√3
(

𝑑 
2

ℏ(𝑘𝑣𝑇)
)(𝛥𝑁𝜑𝑓)

  

              (A_4-19a) 

𝐶0
𝑘(𝐹𝑓 , 𝐹𝜑) = [(2𝐹𝑓 + 1)(2𝐹𝑓 + 1)]−1/2            (A_4-30) 

  
(𝛴) 𝐼𝑡𝑟𝑠𝑚 ∝ |𝐸0|

2 [1 + 2𝑅𝑒 (
(1)𝐸𝑡𝑟𝑠𝑚

1

𝐸0
+

( 𝐸 
(3)

𝑡𝑟𝑠𝑚
1 + (3)𝐸̃𝑠𝑝𝑡𝑟

𝜅3  )

𝐸0
)]   

  
(𝛴) 𝐼𝑡𝑟𝑠𝑚 ∝ |𝐸0|

2 [1 + 2𝑅𝑒 (
(1)𝐸𝑡𝑟

1

𝐸0
+

(3)𝐸𝑠𝑢𝑚
1

𝐸0
)]                                           (A_4-31) 
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Set of parameters for numerical calculation programs 

Set of parameters for programs 

General 

𝛷 = (2𝜋/𝜆) 𝑙 = 𝑘 𝑙, where l – cell thickness,  

N=5000, i=0…N, number of points,  

Wi=-2.5+5.0(i/N) - scan range 

𝛺 = 𝛥𝜔/𝑘𝑣𝑇 = (𝜔0 − 𝜔𝑙𝑎𝑠)/𝑘𝑣𝑇; 𝑣/𝑣𝑇 = 𝑢 

𝑣/𝑣𝑇 = 𝑢(2𝜋/𝜆)  = 𝑘 −  𝑤𝑎𝑣e 𝑛𝑢𝑚𝑏𝑒𝑟, 

 

1-st-order 

g_ksi1 ≡Гϛ
𝟏 

2-nd-order 

g_ksi1 ≡Гϛ
𝟏  

g_ef0 = 𝛤𝑓
0 = 𝛾𝑓

0/𝑘𝑣𝑇 , 

g_ef0=0.005 g_ksi1  𝛤𝑓
0= 0.005𝛤𝜉

1 

Δg=g_ksi1-g_ef0 𝛥𝛤𝑓𝜉
𝜅21 = 𝛤𝑓

𝜅2 − 𝛤𝜉
1 𝛥𝛤𝑓𝜉

01 = 𝛤𝑓
0 − 𝛤𝜉

1 

 

3-rd-order  

𝛤𝑠
𝜅𝑖 = 𝛾𝑠

𝜅𝑖/𝑘𝑣𝑇 ,  (𝑠 = 𝑓, 𝜉, 𝜑) 

g_ksi1 ≡Гϛ
𝟏 

g_f0=0.005 g_ksi1 

g_ksi3=1.1 g_ksi1 

g_f2=0.005 g_ksi3 

g_k21=g_f0 -g_ksi1 

g_k31=g_ksi3-g_ksi1 

 

3-rd-order/ spontaneous transfer 

g_ksi1 ≡Гϛ
1 

g_ef0=1.9 g_ksi1, g_ef0 = 𝛤𝑓
0 = 𝛾𝑓

0/𝑘𝑣𝑇 , 

g_efi0=0.007 g_ksi1 g_efi0  =  𝛤𝜑
0 = 𝛾𝜑

0/𝑘𝑣𝑇  

g_ksi3=1.1 g_ksi1 

Δg2=g_ef0 – g_efi0 

Δg3=g_ef0 - g_ksi1 

Δg4=g_ksi1 – g_efi0 

Δksi3-g_ksi3 – g_efi0 

g_ksi1,3 ≡   𝛤𝜉
1,3

 

g_ef0,2 ≡  𝛤𝑓
0,2

  

g_efi0,2 ≡  𝛤𝜑
0,2
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LIST OF PARAMETERS FOR NUMERICAL CALCULATIONS 

TABLE OF CALCULATION PARAMETERS    

A. To calculate the integrals 𝑘 ≡ 2𝜋/𝜆,  𝛷 = 𝑘𝑙,  
Γξ

1   = γ
ξ
(1)/kvT,  

Γf
κ2 = γ

f
(κ2)/kvT,  ; 

Γφ
κ2 = γ

φ
(κ2)/kvT,  

Γξ
к3 = γ

ξ
(к3)/kvT, 

ΔΓf    ξ  
κ21

 

 
= (γ

f
(κ2) − γ

ξ
(1))/kvT = (Γf

κ2 − Γξ
1) > 0 

ΔΓφ  ξ  
κ21

 

 
= (γ

φ
(κ2) − γ

ξ
(1))/kvT = (Γφ

κ2 − Γξ
1) < 0; 

ΔΓξ   ξ  
κ31

 

 
= (γ

ξ
(κ3) − γ

ξ
(1))/kvT = (Γξ

κ3 − Γξ
1) ≥ 0; 

Ω = (ω0 − ωlas)/kvΤ,  u = v/vΤ 
 κ1 = 1,  κ2 = 0,   2,  κ3 = 1,  3 

 

l = nλ/4,  n = 1,2,3, . . . ,12.  kl = Φ = π/2 − 6π 
0.01 < Γf

κ2 < 0.03 

Γf
κ2/2 < Γξ

1 < Γf
κ2  

Γf
κ2/10 < Γφ

κ2 < Γf
κ2 


