
1 

 

Atomic spectroscopy in extremely thin cells 

 

Resonant nonlinear interaction of the laser beam and alkali-metal atomic vapor 

in an extremely thin cell 

 

G. Todorov1, V. Polishchuк2, S. Cartaleva1, S. Gateva1 and T.A. Vartanyan3 
1Institute of Electronics, Bulgarian Academy of Sciences, Sofia, Bulgaria 

2Admiral Maкarov State University of Maritime and Inland Shipping St. Petersburg 198035, Russia 
3ITMO University, St. Petersburg 197101, Russia 

e-mail: Tigran.Vartanyan@mail.ru,e-mail: todorov.gt@gmail.com 

 

Abstract 

The nonlinear polarization of atomic vapor confined in Extremely Thin Cells (ETC) is 

calculated for arbitrary total momentum of the resonance levels in the case of excitation with 

linearly polarized light. Using the density matrix equations of motion in the Irreducible 

Tensor Operators (ITO) representation, analytical solutions are found for the statistical tensor 

components with accuracy up to the third-order terms with respect to the laser field. 

Following the procedure developed earlier, expressions for the polarization, fluorescence and 

light absorption are obtained for the case of running waves. Unlike previous works, the 

characteristic decay constants for the population of the lower and upper resonance levels as 

well as for the optical coherences are supposed to be different and can be varied. The later 

makes possible the phenomenological consideration of the influence of different relaxation 

processes on alkali atom spectra observed in ETC. Simulations based on the model are 

performed and compared with experimental spectra for the case of 133Csvapor.  

 

1. Introduction  

Interest in sub-Doppler spectroscopy of alkali-metal vapor enjoyed a renaissance after the 

development of the Extremely Thin Cells (ETCs) by Sarkisyan et al. [1]. Standard spectroscopic 

recording techniques have been used with ETCs to detect features in absorption, reflection, and 

fluorescence spectra [2–10] that are not observed in standard (l~cm) cells. The sub-Doppler structure 

in (ETCs) spectra can be attributed to the strictly limited atomic mean free path parallel to the light 

path, which is generally oriented perpendicular to the cell windows. This mean free path is identical 

for all atoms and is equal to the cell thickness l, which can vary from a fraction of the wavelength of 

the resonance atomic transition λ to several times the wavelength of the transition. At the same time, 

the transverse size of the region within which the atoms interact with a laser beam is determined by 

the laser beam diameter d, which may be several thousands of the wave- length. This spatial 

anisotropy of the interaction zone between the laser beam and atoms causes a variety of unusual 

linear and nonlinear effects which can be attributed to the fact that both the internal state of the atom 

and the velocity of the atom are significantly affected by collisions with the cell wall. As a result, 
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even in the linear-field approximation, the full description of the behavior of the atoms turns out to 

require not only a calculation of the steady-state polarization, but also a calculation of the transient 

processes giving rise to the steady state which do not run to completion before collision with the 

opposite wall of the cell occurs. This process naturally emphasizes the role of atoms for which the 

component of the velocity parallel to the direction of light propagation (and hence the Doppler shift) 

is small. The velocity component perpendicular to the beam has no effect on the response. Thus, 

ETCs enable the observation of Doppler-free resonances even in linear regime. 

As result of the collisions between the atoms and the cell walls, atoms lose their phase memory and 

all atoms undergo in-phase excitation by the resonant field after rebounding from the wall. The role 

of  the atoms-walls collisions in producing Doppler-broadening-free lines in reflection of resonant 

light from an isolated boundary of a dilute gaseous medium was first explained in [9], and the 

advantages of a λ∕2 cell in RF spectroscopy were first described in [10]. Vartanyan and Lin [5] 

showed that the width of the spectral lines had a periodic dependence on cell thickness in both 

reflection and transmission. Narrow, Doppler-broadening-free resonances can be observed at all half-

integral thicknesses (2 1) / 2n + , where n is an integer, although the increasing role played by bulk 

relaxation processes means that the amplitude decreases as n increases. Further development of the 

theory enabled incorporation of nonlinear effects [11], Fabry–Perot resonances [12], and van der 

Waals interactions with the walls [13]. 

Saturation resonances in absorption and fluorescence spectra also show features due to the velocity 

selection of atoms and the fact that at resonance, the optical pumping function depends on velocity 

[2,3,14]. Nonlinear effects in reflection spectra cause also complex variations in the efficiency of 

laser light self-diffraction as a function of vapor layer thickness [15]. Even when there is only a single 

boundary, the saturation effect in reflection spectra from a dilute resonant vapor appears different 

from the saturation effect when light is propagating through a bulk medium [11]. 

In this paper, we describe and test an iterative approach for analyzing the interaction between a 

resonant laser field and an alkali-metal atomic vapor in an ETC. In the first part of the paper (section 

2), we calculate the nonlinear polarization of atoms excited by a linearly polarized laser beam for 

arbitrary values of the total quantum numbers F of the resonant levels. Using the procedures 

developed previously in [5,6], the equations of motion for the density matrix in the irreducible tensor 

operators (ITO) representation were solved in a manner which takes into account the transient 

processes caused by collisions between atoms and the cell walls. Analytical solutions are obtained 

for the spatial parts of the statistical tensor components accurate to third order in the laser field. 

In contrast to previous works, we assumed different relaxation rates for the resonant-level 

populations and for the optical coherences. 

In the second part of the paper (section 3), as examples, the theoretical results are compared with the 

experimental data obtained using 133Cs vapor in an ETC. The approach described above provides 

good agreement with the experimental data obtained using the 133Cs D2 line. 

In the accompanying files /Applications/ more detailed concerning the calculations and the actual 

program’s files are presented. 
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2. Theoretical description 

The basic outlines of the theoretical description used for linear [5] and nonlinear [15] phenomena in 

extremely thin cells were previously developed for resonant interaction of light with a two-level 

atomic system with non-degenerate states. In order to describe the actual experiments performed with 

alkali-metal vapor, we must also take into account both the degeneracy of the resonant levels and 

any potential differences in the corresponding relaxation parameters. The most convenient general 

approach to this problem is based on solving the equations for the density matrix in the irreducible 

tensor operators’ formalism [16,17]. The evolution of the atomic system is described using the 

generalized kinetic equation for the density matrix: 𝜌̂ 

 𝜌̇̂ = (
𝜕

𝜕𝑡
+ 𝑣

𝜕

𝜕𝑥
) 𝜌̂(𝑣, 𝑥, 𝑡) = −

𝑖

ℏ
[𝐻̂, 𝜌̂] + (𝜌̇̂)

𝑟𝑒𝑙𝑎𝑥
+ (𝜌̇̂)

𝑡𝑟
+ 𝑁̂  (1) 

The Hamiltonian of the system 𝐻̂ is a sum of the free atom operator 𝐻̂0 and the operator describing 

the interaction with the laser light 𝑉̂. The terms (𝜌̇̂)
𝑟𝑒𝑙𝑎𝑥

+ (𝜌̇̂)
𝑡𝑟

 describe, respectively, the 

relaxation processes and the process of excitation transfer by spontaneous emissions. The operator 

𝑁̑ specifies the equilibrium population of the resonant levels in absence of excitation. 

The operator describing the interaction between the atoms and the laser light 𝑉̂ is equal to the scalar 

product of the dipole moment operator 𝑑̂ and the electric field vector Е⃗⃗  of the laser field resonant 

with the transition from the ground state (𝜑 ) to an excited state (𝑓) with arbitrary total quantum 

numbers 𝐹𝜑 and 𝐹𝑓. In the equations 

𝑉̂ = −(𝑑 , 𝐸⃗ ) = −∑ (−1)𝑄
𝑄 𝑑𝑄𝐸−𝑄(𝑥, 𝑡);  𝑄 = 0,±1   (2) 

and 

Е⃗⃗ 𝑄(𝑥, 𝑡) = Е 𝑒 𝑄  𝑒𝑥𝑝{ − 𝑖(𝜔𝑙𝑎𝑠𝑡 − 𝑘⃗ 𝑥)} + 𝑐. 𝑐.    (3) 

 

𝑑𝑄 , 𝐸𝑄  (𝑄 = 0,±1) are the circular components of the corresponding vectors, 𝜔𝑙𝑎𝑠 is the frequency 

of the laser light, and 𝑘⃗  is the wave vector.  

In addition to the fact that the tensor components 𝜌𝑞
𝜅 have a clear physical meaning, the (ITO) 

representation also has the advantage that the relaxation matrix is generally diagonal, and the 

relaxation parameters 𝛾𝜌(𝜅, 𝑞)( 𝜌 = 𝑓, 𝜑,  𝜉 ) of the various components describing the upper (𝛾𝑓
𝜅) 

and lower (𝛾𝜑
𝜅) resonant levels and optical coherence (𝛾𝜉

𝜅) depend solely on the tensor rank 𝜅. 

Transfer of excitation by spontaneous emission from the upper levels includes Zeeman coherence, 

too. Using the results obtained in [18] and the Dyakonov normalization for the irreducible tensor 

operators [17], we obtain: 

𝛤𝐹𝑓𝐹𝜑

𝜅 = (−1)𝐹𝑓+𝐹𝜑+𝜅+1𝛾𝑓
0(2𝐹𝜑 + 1)(2𝐽𝑓 + 1) ×

              {
𝐹𝑓 𝐹𝜑 1

𝐽𝜑 𝐽𝑓 𝐼
}
2

√(2𝐹𝑓 + 1)(2𝐹𝜑 + 1) {
𝐹𝑓 𝐹𝑓 𝜅

𝐹𝜑 𝐹𝜑 1
}              (4) 

where 𝛾𝑓
0 is the total decay probability for the upper level. Note that the relaxation parameter  𝛤𝐹𝑓𝐹𝜑

𝜅  

takes into account the losses in the channel 𝐹𝑓 → 𝐹𝜑. The reduced matrix element for the dipole 
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transition between hyperfine states in the irreducible tensor operator representation may be written 

as follows [19,20]: 

 ‖𝑑𝐹𝑓𝐹𝜑
‖ = ‖𝑑𝐽𝑓𝐽𝜑‖ (−1)2𝐽𝜑+𝐽𝑓+𝐹𝑓+𝐼[(2𝐹𝑓 + 1)(2𝐽𝜑 + 1)]

1

2 {
𝐼 𝐽𝑓 𝐹𝑓

1 𝐹𝜑 𝐽𝜑
}  (5) 

The curly braces denote the Wigner 6j symbols, and I is the nuclear spin. As mentioned above, the 

equilibrium population in the absence of pumping is given by the operator 

𝑁̂ = 𝑁𝑠(2𝐹𝑠 + 1)𝑊(𝑣), 𝑠 = 𝑓, 𝜑, where 𝑊(𝑣)is the Maxwellian velocity distribution 

 𝑊(𝑣) = (𝑣𝑇√𝜋)−1𝑒
(−

𝑣2

𝑣𝑇
2)

,  𝑣𝑇 = √
2𝑅𝑇

𝜇
,      (6) 

where 𝑣𝑇 is the most probable velocity, R is the gas constant, and μ is the atomic mass. Description 

of the effect of atomic vapors on the light transmission through the ultrathin cell requires us to 

calculate the change of polarization within the medium while taking into account the boundary 

conditions. We separate out the spatial portion of the field by rewriting Eq. (3) in the form 

Е⃗⃗ 𝑄(𝑥, 𝑡) = Е⃗⃗ 𝑄(𝑥) 𝑒𝑥𝑝{ − 𝑖𝜔𝑙𝑎𝑠𝑡} + 𝑐. 𝑐.      (7) 

In the resonant approximation 0 0/ 1,las  −   (𝜔0 is the eigenfrequency of the transition 𝐹𝑓 →

𝐹𝜑, the atomic polarization may be written in the form 

𝑃⃗ 𝑄(𝑥, 𝑡) = 𝑃⃗ 𝑄(𝑥) 𝑒𝑥𝑝{ − 𝑖𝜔 𝑡𝑙𝑎𝑠
 } + 𝑘. 𝑐.      (8) 

The relationship between the spatial portion of the field and the polarization is determined by the 

Maxwell equation 

𝜕2𝐸⃗ 𝑄(𝑥)

𝜕𝑥2 + 𝑘2𝐸⃗ 𝑄(𝑥) = 4𝜋𝑘2𝑃⃗ 𝑄(𝑥),   𝑘 =
2𝜋

𝜆
    (9) 

The spatial part of the polarization 𝑃⃗ 𝑞(𝑥) is in turn determined by the corresponding circular 

component of the optical coherence [21]: 

𝑃𝑞
1(𝑥) = (−1)𝐹𝑓−𝐹𝜑(2𝐹𝜑 + 1)−

1

2𝑑 ∫ 𝑊(𝑣) 𝜉𝑞
1+∞

−∞
(𝑥, 𝑣) 𝑑3𝑣  (10) 

Writing the tensor components of the optical coherence in the form 

𝜉𝑞
𝜅(𝑥, 𝑣, 𝑡) = 𝜉𝑞

𝜅(𝑥, 𝑣) 𝑒𝑥𝑝{ − 𝑖𝜔𝑙𝑎𝑠 𝑡},                                                          (11) 

and neglecting the terms containing the sum frequencies (𝜔𝑙𝑎𝑠 + 𝜔0), we can obtain equations for 

the spatial part of the tensor 𝜌𝑞
𝜅,  (𝜌 = 𝑓, 𝜑, 𝜉): 

𝑣
𝜕

𝜕 𝑥
𝑓𝑞

𝜅 + 𝛾𝑓
𝜅𝑓𝑞

𝜅 = 𝑖ℏ−1(2F𝜑+1)−
1

2 ∑ 𝐸−𝑄(𝑥) 𝜅′𝑞′𝑄 𝐶
𝑞𝑞′𝑄
𝜅𝜅′

[𝑑𝜉
𝑞′
𝜅′

(𝑥, 𝑣) +

             +𝑑∗(𝜉
−𝑞′
𝜅′

(𝑥, 𝑣))∗(−1)𝜅+𝜅′+𝑞′
]  + (2𝐹𝑓 + 1)𝛾𝑓

𝜅𝑁𝑓𝑊(𝜈)𝛿𝜅0          (12a) 

𝑣 
𝜕

𝜕 𝑥
𝜑𝑞

𝜅 + 𝛾𝜑
𝜅𝜑𝑞

𝜅 = (−1)𝜅𝑖ℏ−1(2F𝜑+1)−
1

2 × 

∑ 𝐸−𝑄(𝑥)(−1)𝜅′

𝜅′𝑞′𝑄

𝐵
𝑞𝑞′𝑄
𝜅𝜅′

[𝑑 𝜉
𝑞′
𝜅′

(𝑥, 𝑣) + 𝑑∗(𝜉
−𝑞′
𝜅′

(𝑥, 𝑣))∗(−1)𝜅+𝜅′+𝑞′
] + 
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+(2𝐹𝜑 + 1)𝛾𝜑
𝜅𝑁𝜑𝑊(𝜈)𝛿𝜅0 + 𝛤𝐹𝑓𝐹𝜑

𝜅 𝑓𝑞
𝜅            (12b) 

𝑣
𝜕

𝜕𝑥
𝜉𝑞

𝜅(𝑥, 𝑣) + [𝛾𝜉
𝜅 + 𝑖(𝜔0 − 𝜔𝑙𝑎𝑠)]𝜉𝑞

𝜅(𝑥, 𝑣) = 𝑖ℏ−1(2F𝑓+1)−
1

2𝑑∗ × 

× ∑ 𝐸−𝑄(𝑥)𝜅′𝑞′𝑄 [𝑆
𝑞𝑞′𝑄
𝜅𝜅′

𝑓
𝑞′
𝜅′

+ (−1)𝜅+𝜅′
𝑅

𝑞𝑞′𝑄
𝜅𝜅′

𝜑
𝑞′
𝜅′

]           (12c) 

where 

𝐶
𝑞𝑞′𝑄
𝜅𝜅′

= (−1)2F𝜑+𝑞′
(2F𝑓 + 1)1/2(2𝜅 ′+1) {

𝜅 ′ 1 𝜅
𝐹𝑓 𝐹𝑓 𝐹𝜑

} (
𝜅 ′ 1 𝜅
−𝑞′ 𝑄 𝑞

) (13a) 

𝑅
𝑞𝑞′𝑄
𝜅𝜅′

= (−1)2F𝜑+𝑞′
(2F𝑓 + 1)1/2(2𝜅 ′+1) {

𝜅 ′ 1 𝜅
𝐹𝑓 𝐹𝜑 𝐹𝜑

} (
𝜅 ′ 1 𝜅
−𝑞′ 𝑄 𝑞

) (13b) 

 𝑑 ≡ ‖𝑑𝐹𝑓𝐹𝜑
‖ = ‖𝑑𝐽𝑓𝐽𝜑‖ (−1)2𝐽𝜑+𝐽𝑓+𝐹𝑓+𝐼[(2𝐹𝑓 + 1)(2𝐽𝜑 + 1)]

1/2
{
𝐼 𝐽𝑓 𝐹𝑓

1 𝐹𝜑 𝐽𝜑
}.       (13c) 

The coefficients 𝐵
𝑞𝑞′𝑄
𝜅𝜅′

 and 𝑆
𝑞𝑞′𝑄
𝜅𝜅′

 in Eq.(12) are obtained from the corresponding components 𝐶
𝑞𝑞′𝑄
𝜅𝜅′

 

and 𝑅
𝑞𝑞′𝑄
𝜅𝜅′

 via substitution 𝐹𝑓 ↔ 𝐹𝜑. 

Equations (12) are a generalization of the equations previously used in [5–7] and can easily be 

derived from the well-known equations of Dyakonov and Perel [17]. 

Equations (12) were solved via an iterative method [17,22]. Collisions between atoms and the 

windows of the ETC were taken into account using appropriate boundary conditions. The nonlinear 

contributions to the components of optical coherence tensor 𝜉𝑞
𝜅(𝑥, 𝑣) were calculated to third order 

in the laser field. The quantization axis was chosen parallel to the laser electric field vector (𝐸𝑄 = 

E0).  

To zero order (assuming the laser field equal to zero), we obtain the following equilibrium 

populations for the resonant levels: 𝑓 
(0)

0
0, 𝜑 

(0)
0
0. If we assume that the atoms are de-excited upon 

collision with the surface, the boundary conditions can be written in the form [5] 

 

𝜉𝑞
𝜅(𝑥 = 0, 𝑣 > 0) = 𝜉𝑞

𝜅(𝑥 = 𝑙, 𝑣 < 0) = 0.                                                                    (14) 

 

Following an iterative procedure and using boundary conditions (14), we solved the equations for 

the optical coherences 𝜉 
(1)

𝑞
𝜅(𝑥, 𝑣)using first-order perturbation theory. The solutions are different for 

atoms moving in opposite directions. For atoms moving in the same direction as the laser beam, 

which will be assumed to have positive velocities, we find (see details in App_1-1st order) 

𝜉 
(1)  0

1 (𝑥, 𝑣 > 0) = 𝑖
(𝑑𝐸0)

ℏ
[𝑉 

𝑓𝜑

𝐹𝑓 𝐹𝜑][
(𝑒𝑖𝑘𝑥−𝑒

{−(𝛾𝜉
1+𝑖𝛥𝜔)𝑥/𝑣}

)

[𝛾𝜉
1+𝑖(𝛥𝜔+𝑘𝑣)]

].            (15) 

 

For atoms moving in the opposite direction, we obtain 

𝜉 
(1)

0
1(𝑥, 𝑣 < 0) = 𝑖

(𝑑𝐸0)

ℏ
[𝑉

𝑓𝜑

𝐹𝑓𝐹𝜑]𝑒𝑖𝑘𝑙. [
(𝑒𝑖𝑘(𝑥−𝑙)−𝑒

{−(𝛾𝜉
1+𝑖𝛥𝜔)(𝑥−𝑙)/𝑣}

)

[𝛾𝜉
1+𝑖(𝛥𝜔+𝑘𝑣)]

]           (16) 
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where   𝛥𝜔 = 𝜔0 − 𝜔𝑙𝑎𝑠, and l is the longitudinal size (thickness) of the extremely thin cell. We 

have also introduced the notation 

[𝑉
𝑓𝜑

𝐹𝑓𝐹𝜑] =
(−1)

𝐹𝑓+𝐹𝜑+1

3
[(2𝐹𝑓 + 1)(2𝐹𝜑 + 1)]1/2 (

𝜑 
(0)

0
0

2𝐹𝜑+1
−

𝑓 
(0)

0
0

2𝐹𝑓+1
),           (17) 

 

with 𝜑 
(0)

0
0,   𝑓 

(0)
0
0 - the population of the lower and upper levels before irradiation. 

 

The resulting first-order solutions (15) and (16) enable us to calculate the spatial part of the 

polarization of the medium 𝑃𝑞
1(𝑥) using Eq. (10) and then to obtain the correction to the 

electromagnetic field via the formula 

𝐸 
(1)

 
1(𝑥) = 2𝜋𝑖𝑘 ∫ 𝑒𝑥𝑝[ 𝑖𝑘(𝑥 − 𝑥′)]  𝑃 

(1) 1(𝑥′) 𝑑𝑥′
𝑙

0
             (18) 

 

Since the Doppler width 𝑘𝑣𝑇 is determined by the gas temperature in the cell, it is a natural scale for 

all frequencies and widths, it is convenient to introduce the dimensionless variables 𝛺 =
𝜔0−𝜔𝑙𝑎𝑠

𝑘𝑣𝑇
,

𝛤𝑠
𝜅𝑖 = 𝛾𝑠

𝜅𝑖/𝑘𝑣𝑡 ,  (𝑠 = 𝑓, 𝜉, 𝜑) and 𝑣/𝑣𝑇 = 𝑢. Note that the relaxation parameters of various tensor 

components depend on the rank κ of the tensor and may differ substantially.  

To the first order, we obtain the following field amplitude 𝐸 
(1) 1(𝑥 > 𝑙) ≡ 𝐸 

(1)
𝑡𝑟
1 𝑒𝑥𝑝{ 𝑖𝑘𝑥} after 

passing through the cell: (Name of the program - 1st –order). 

 

𝐸 
(1)

𝑡𝑟
1 =

2𝜋
1
2

3√3
(

𝑑 
2

ℏ(𝑘𝑣𝑡)
) (

𝜑0
0

2𝐹𝜑+1
−

𝑓0
0

2𝐹𝑓+1
)𝐸0. {∫ 𝑑𝑢

∞

0
⟨

𝛷𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

−
𝑢.𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

+

𝑢.𝑒{−𝑢2}.𝑒{−𝑖𝛷}.𝑒
{−(𝛤𝜉

1+𝑖𝛺)𝛷 𝑢⁄ }

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

⟩ +∫ 𝑑𝑢 〈
𝛷𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
𝑢.𝑒{−𝑢2}

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

−
0

−∞

𝑢.𝑒{−𝑢2}.𝑒{+𝑖𝛷}.𝑒
{+(𝛤𝜉

1+𝑖𝛺)𝛷 𝑢⁄ }

[𝛤𝜉
1+𝑖(𝛺+𝑢)]2

〉}                (19) 

 

where 𝛷 = (2𝜋/𝜆)𝑙 = 𝑘𝑙. 

For a two-level system with non-degenerate levels, this result reduces to the solution published in 

[5]. Using the notation 

𝐾(𝐹𝑓 , 𝐹𝜑 , 𝑘𝑣𝑇) =
2𝜋1/2

3√3
(

𝑑 
2

ℏ 𝑘𝑣𝑇
)(

𝜑 
(0)

0
0

2𝐹𝜑+1
−

𝑓 
(0)

0
0

2𝐹𝑓+1
) =

2𝜋1/2

3√3
(

𝑑 
2

ℏ𝑘𝑣𝑇
)𝛥𝑁𝜑𝑓         (19a) 

and 

𝐽 
(1)

1
+ ≡ ∫ 𝑑𝑢⟨. . . ⟩

∞

0
,  𝐽 

(1)
1
− ≡ ∫ 𝑑𝑢

0

−∞
⟨. . . ⟩,              (19b) 

we can rewrite Eq. (19) in compact form as: 

𝐸 
(1)

𝑡𝑟
1 = 𝐾(𝐹𝑓 , 𝐹𝜑 , 𝑘𝑣𝑇)𝐸0. [ 𝐽 

(1)
1
+ + 𝐽 

(1)
1
−].                (20) 
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The dimensionless coefficient 𝐾(𝐹𝜌, 𝑣𝑇) = −
2𝜋

1
2

3√3
(

𝑑 
2

ℏ(𝑘𝑣𝑇)
) (𝛥𝑁𝜑𝑓) depends on the reduced matrix 

element of the dipole transition ‖𝑑𝐹𝑓𝐹𝜑
‖, the initial population difference (𝛥𝑁𝜑𝑓) = (

𝜑 
(0)

0
0

2𝐹𝜑+1
−

𝑓 
(0)

0
0

2𝐹𝑓+1
) for the transition under consideration 𝐹𝑓 , 𝐹𝜑 and the temperature T. 

The interference between the field 𝐸 
(1)

𝑡𝑟
1  and the incident field determines the non-saturated 

transmission of the vapor. Equation (20) already indicates that the linear absorption signal has sub-

Doppler resolution.  

To describe the nonlinear optical effects in absorption, calculations up to the third-order corrections 

in the laser field Е⃗⃗ 𝑄(𝑥) are required. Continuing the iterative procedure, we then substitute solutions 

(15) and (16) into Eq.(12a). Since the first order corrections 𝑓 
(1)

𝑞
𝜅 and 𝜑 

(1)
𝑞
𝜅 are zero, we obtain the 

solutions 𝑓 
(2)

0
𝜅2(𝑥, 𝑣 > 0) and 𝑓 

(2)
0
𝜅2(𝑥, 𝑣 < 0) in second-order perturbation theory for the 

population (𝜅2 = 0) and longitudinal alignment (𝜅2 = 2) of the upper level. (see details in App_2a 

2nd order, eqs. (D_2-21а, D_2-21b)). After averaging over the cell thickness l, we obtain the 

corresponding solutions for both directions of atomic motion-Name of the program – 2nd-order 

𝑓0
𝜅2(𝑢 > 0) = (

𝑑𝑓𝜑
2𝐸0

2

ℏ2𝛾𝑓𝛾𝜑
)(

𝛾𝑓𝛾𝜑

(𝑘𝑣𝑇)2
)

(−1)
𝐹𝑓+𝐹𝜑

3𝑘𝑙√𝜋
(𝛥𝑛𝜑𝑓)𝐶000

𝜅21. ∫ 𝑑𝑢
∞

0
{

𝛷

𝛤𝑓
𝜅2 [

1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+

1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

] +
𝑢(𝑒

{−𝛤
𝑓
𝜅2.𝛷/𝑢}

−1)

(𝛤𝑓
𝜅2)2

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

] −

𝑢(𝑒
{−𝛤

𝑓
𝜅2.𝛷/𝑢}

−1)

(𝛤𝑓
𝜅2)

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)]

] +

[
𝑢(𝑒−𝑖𝛷.𝑒

{−(𝛤𝜉
1+𝑖𝛺)𝛷/𝑢}

−1)

[𝛥𝛤
𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)][𝛤𝜉

1+𝑖(𝛺+𝑢)]2
+

𝑢(𝑒+𝑖𝛷.𝑒
{−(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢}
−1)

[𝛥𝛤
𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)][𝛤𝜉

1−𝑖(𝛺+𝑢)]2
] } 𝑒{−𝑢−2}            (21а) 

 

𝑓0
𝜅2(𝑢 < 0) = (

𝑑𝑓𝜑
2𝐸0

2

ℏ2𝛾𝑓𝛾𝜑
)(

𝛾𝑓𝛾𝜑

(𝑘𝑣𝑇)2
)

(−1)
𝐹𝑓+𝐹𝜑

3𝑘𝑙√𝜋
(𝛥𝑁𝜑𝑓). 𝐶000

𝜅21. ∫ 𝑑𝑢
0

−∞
. {

𝛷

𝛤𝑓
 2 [

1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+

1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

] +
𝑢(1−𝑒

{+𝛤
𝑓
𝜅2.𝛷/𝑢}

)

(𝛤
𝑓
𝜅2)2

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)]

] −

𝑢(1−𝑒
{+𝛤

𝑓
𝜅2.𝛷/𝑢}

)

(𝛤𝑓
𝜅2)

[
1

[𝛤𝜉
1+𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)]

+
1

[𝛤𝜉
1−𝑖(𝛺+𝑢)][𝛥𝛤

𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)]

] +

[
𝑢(1−𝑒+𝑖𝛷.𝑒

{+(𝛤𝜉
1+𝑖𝛺)𝛷/𝑢}

)

[𝛥𝛤
𝑓𝜉

𝜅21
−𝑖(𝛺+𝑢)][𝛤𝜉

1+𝑖(𝛺+𝑢)]2
+

𝑢(1−𝑒−𝑖𝛷.𝑒
{+(𝛤𝜉

1−𝑖𝛺)𝛷/𝑢}
)

[𝛥𝛤
𝑓𝜉

𝜅21
+𝑖(𝛺+𝑢)][𝛤𝜉

1−𝑖(𝛺+𝑢)]2
] } 𝑒{−𝑢2},            (21b) 

 

where  𝛥𝛤𝑓𝜉
𝜅21 = 𝛤𝑓

𝜅2 − 𝛤𝜉
1. 
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The expression in front of the integral can be written as: 

(
𝑑𝑓𝜑

2𝐸0
2

ℏ2𝛾𝑓𝛾𝜑
)(

𝛾𝑓𝛾𝜑

(𝑘𝑣𝑇)2
)

(−1)
𝐹𝑓+𝐹𝜑

3𝑘𝑙√𝜋
(

𝜑0
0

2𝐹𝜑+1
−

𝑓0
0

2𝐹𝑓+1
). 𝐶000

𝜅21 = [
1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] 𝐶000
𝜅21 (21c) 

 

And we can then rewrite the sum of solutions (21) in compact form as 

𝑓 
(2)

0
𝜅2 = 𝑓 

(2)
0
𝜅2(𝑢 > 0) + 𝑓 

(2)
0
𝜅2(𝑢 < 0) = [

1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] [ 𝐽 
(2)

𝑓
+ + 𝐽 

(2)
𝑓
−]𝐶000

𝜅21.          (22) 

 

Comparing Eqs.(12a) and (12b) we readily see that the first term of the solution for the corresponding 

components 𝜑 
(2)

0
𝜅2(𝑢 > 0, 𝑢 < 0) describing the lower level may be obtained from Eq. (21) via the 

substitutions 𝛤𝑓 → 𝛤𝜑 and 𝐶
𝑞𝑞′𝑄
𝜅𝜅′

→ (−1)𝜅′+1𝐵
𝑞𝑞′𝑄
𝜅𝜅′

. Accordingly, we can write: 

 

𝜑 
(2)

0
𝜅2 = 𝜑 

(2)
0
𝜅2(𝑢 > 0) + 𝜑 

(2)
0
𝜅2(𝑢 < 0) = [

1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈𝑓𝜑

𝐹𝑓𝐹𝜑] [ 𝐽 
(2)

𝜑
+ + 𝐽 

(2)
𝜑
−](−1)𝜅2+1𝐵000

𝜅21          (23)

  

We then obtain the second term 𝜑̃ 
(2)

0
𝜅2after writing the spontaneous transfer  𝛤𝑓𝜑

𝜅2𝑓𝑞
𝜅2(𝑥, 𝑣) and 

solving Eq. (12b)  in the form  

𝜕

𝜕𝑥
𝜑̃𝑞

𝜅2(𝑥, 𝑣) +
𝛾𝜑

𝜅2

𝑣
𝜑̃𝑞

𝜅2(𝑥, 𝑣) =
1

𝑣
𝛤𝐹𝑓𝐹𝜑

𝜅2 𝑓𝑞
𝜅2(𝑥, 𝑣)       (12b-sp) 

 

Without dwelling on the details, after similar procedures of normalization and averaging over the 

thickness of the UTC, we obtain additives 𝜑̃𝑞
𝜅2(𝑣 >,< 0)to the solutions for the lower state (see 

details in App. 2b. (Name of the program– 2nd-order_spontan) 

 

𝜑̃0
𝜅2 = 𝜑̃ 

(2)
0
𝜅2(𝑢 > 0) + 𝜑̃ 

(2)
0
𝜅2(𝑢 < 0) = [

1

(𝑘𝑣𝑇)2(𝑘𝑙√𝜋)
] [𝑈

𝑓𝜑

𝐹𝑓𝐹𝜑] × 

[ 𝐽 
(2)

𝑠𝑝𝑡𝑟
+ + 𝐽 

(2)
𝑠𝑝𝑡𝑟
− ] 𝛤𝐹𝑓 𝐹𝜑

𝜅2 𝐶000
𝜅21                (24) 

        

Thus, the complete solution of the equation describing the behavior of the population and the 

(longitudinal) alignment of the lower state will be determined by the sum: 

𝑠0
𝜅2 = 𝜑0

𝜅2 + 𝜑̃0
𝜅2 = [

1

(𝑘𝑣𝑇)
2(𝑘𝑙√𝜋)

] [𝑈
𝑓𝜑

𝐹𝑓𝐹𝜑] × 

{(−1)𝜅2+1𝐵000
𝜅21[ 𝐽 

(2)
𝜑
+ + 𝐽 

(2)
𝜑
−] +

𝛤𝐹𝑓 𝐹𝜑
𝜅2

(𝑘𝑣𝑇)
𝐶000

𝜅21[ 𝐽 
(2)

𝑠𝑝𝑡𝑟
+ + 𝐽 

(2)
𝑠𝑝𝑡𝑟
− ] }            (25) 

 

Note that the sign of the longitudinal alignment of the lower level 𝜑 

𝜑0
2 = ∑ 𝜑𝑛𝑛

𝐹𝜑

𝑛=−𝐹𝜑

3𝑛2−𝐹𝜑(𝐹𝜑+1)

[(2𝐹𝜑+3)(𝐹𝜑+1)(2𝐹𝜑−1)}1/2
             (25a) 
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is defined by the population 𝜌𝑛𝑛 distribution of the magnetic sublevels created by the linearly 

polarised laser field. The spontaneous emission from the upper level, described by the term 𝛤𝐹𝑓𝐹𝜑

𝜅 𝑓𝑞
𝜅 

returns part of the atoms back, but also leads to a population redistribution, i.e. to changes in the 

magnitude and sign of the alignment resonance [25-27]. 

Returning to the second order solution for the upper level, by summing over the contributions from 

atoms moving in opposite directions, - 𝑓 
(2)

0
𝜅2 = 𝑓 

(2)
0
𝜅2(𝑢 > 0) + 𝑓 

(2)
0
𝜅2(𝑢 < 0) (see (22)), we can 

calculate the unpolarized fluorescence intensity 𝐼𝑓𝜑(𝑛⃗ )  in direction 𝑛⃗ : 

𝐼 
(2)

𝑓𝜑(𝑛⃗ ) = 𝐾0 ‖𝑑𝐹𝜑𝐹𝑓

2 ‖ [
𝑓 

(2)
0
0

3(2𝐹𝑓+1)
1
2

+ 5(−1)𝐹𝑓+𝐹𝜑 {
1 1 2
𝐹𝑓 𝐹𝑓 𝐹𝜑

} [∑(−1)𝑞  𝑓 
(2)

𝑞
2𝑇−𝑞

2 ( 𝑛⃗ )]], (26) 

where 𝑇−𝑞
2 (𝑛⃗ ) is the observation tensor [17,19]. 

It is easy to show that if the influence of the spontaneous transfer is neglected, for these transitions 

the largest contribution to the unpolarized fluorescence comes from the population 𝑓 
(2)

0
0, which can 

be written in abbreviated form as follows using the above notation 

𝑓 
(2)

0
0 = [

𝑑𝑓𝜑
2𝐸0

2

(ℎ𝛾𝑓)2
] (

𝛾𝑓

𝛾𝜑
) (𝛤𝑓𝛤𝜑)

(𝛥𝑁𝜑𝑓)

3√𝜋

[ 𝐽 
(2)

𝑓
+
+ 𝐽 

(2)
𝑓
−
]

Φ
 =  

(𝛥𝑁𝜑𝑓)

3√𝜋
[
𝛺𝑅𝑎𝑏𝑖

2

(𝛾𝑓)2
]

(𝛾𝑓)2

(𝑘𝑣𝑇)2

[ 𝐽 
(2)

𝑓
+
+ 𝐽 

(2)
𝑓
−
]

Φ
        (22a) 

 

Thus, the fluorescence intensity in a given transition is proportional to the correction 𝑓 
(2)

0
0 to the 

population, i.e. the sum of the integrals  [ 𝐽 
(2)

𝑓
+

+ 𝐽 
(2)

𝑓
−
] or 

𝐼𝑓𝜑
𝑢𝑛𝑝𝑜𝑙 ∝ 𝐶0

‖𝑑𝐹𝑓𝐹𝜑
2 ‖

3√2𝐹𝑓+1

(𝛥𝑁𝜑𝑓)

3√𝜋
[
𝑑𝐹𝑓𝐹𝜑

2 𝐸0
2

(ℎ𝛾𝑓)2
]

(𝛾𝑓)2

(𝑘𝑣𝑇)2

[ 𝐽 
(2)

𝑓
+
+ 𝐽 

(2)
𝑓
−
]

Φ
.          (26a) 

Direct inspection shows that the sign of the second-order correction to the fluorescence intensity due 

to population 𝑓 
(2)

0
0 = 𝑓 

(2)
0
0(𝑣 > 0) + 𝑓 

(2)
0
0(𝑣 < 0) is positive and independent of quantum 

numbers. Of course, saturation resonances have no effect on this order. 

Substituting the second-order solutions 𝑓 
(2)

0
𝜅2(𝑥, 𝑣) and 𝜑 

(2)
0
𝜅2(𝑥, 𝑣) into Eq. (12c) and applying the 

appropriate boundary conditions, we obtain (in succession) the following: (1) solutions for the 

components of the optical coherence 𝜉 
(3)

𝑞
𝜅(𝑥, 𝑣) (App_3a Eqs (D-3_32a,b), (2) corresponding 

correction to the polarization of the medium 𝑃 
(3)

𝑞
1
(𝑥) (see Eqs. (10) and (3) the third order correction 

to the field passing through the cell 𝐸 
(3) (𝑥 > 𝑙) ≡ 𝐸 

(3)
𝑡𝑟𝑠𝑚 𝑒𝑥𝑝{ 𝑖𝑘𝑥}: (App_3aEqs (D_3-33a,b). 

𝐸 
(3)

𝑡𝑟𝑠𝑚
1 = (−1)𝐹𝑓−𝐹𝜑(2𝐹𝜑 + 1)−

1

22𝜋𝑖𝑘𝑑 ∫ 𝑒𝑥𝑝[ − 𝑖𝑘𝑥′)] ∫ 𝑊(𝑣)  𝜉 
(3)

0
1+∞

−∞
(𝑥, 𝑣) 𝑑𝑣 𝑑𝑥′

𝑙

0
.       (27) 

The general third-order solution, taking into account spontaneous emission transfer, for the 

transmitted field (see eq. 28) can be written in a form similar to that in Eq. (20): (see details in Apps 

3b;- D_3-33 – D_3-35). 

𝐸 
(3)

𝑠𝑢𝑚
1 = 𝛽0. 𝐾(𝐹𝜌, 𝛾𝜌, 𝑘𝑣𝑇)𝐸0. ∑ ⟨ (𝑆000

1𝜅 𝐶000
𝜅1

𝑘=0,2 )𝐹𝜑

𝐹𝑓 𝐽 
(3)

𝑓𝜅
1 + 

+𝑅000
1𝜅 [𝐵000

𝜅1 𝐽 
(3)

𝜑𝜅
1 − 𝐶000

𝜅1 (
𝛤𝐹𝑓𝐹𝜑

𝜅

𝑘𝑣𝑇
) 𝐽 
(3)

𝑠𝑝.𝑡𝑟
1 ]  ⟩   (28) 
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where 

𝐽 
(3)

𝑓𝜅
1  [ 𝐽 

(3)
𝑓
+ + 𝐽 

(3)
𝑓
−]  𝐽 

(3)
𝜑𝜅
1 [ 𝐽 

(3)
𝜑
+ + 𝐽 

(3)
𝜑
−] 𝐽 

      (3)
𝑠𝑝.𝑡𝑟
1 ∑ [ 𝐽 

(3)
𝑖
+ + 𝐽 

(3)
𝑖
−]𝑖 𝑠𝑝𝑡𝑟

      (29) 

denote the corresponding sum of integrals over the atomic velocity distribution as in Eq. (19b), and 

𝐾(𝐹𝑓 , 𝐹𝜑 , 𝑘𝑣𝑇) is identical to Eq. (19a). The last term describes the role of the population and the 

coherence transfer by spontaneous emission and 

𝛽0 = 𝐶0
𝜅(𝐹𝑓 , 𝐹𝜑)(

𝑑𝐹𝑓𝐹𝜑
2

 
𝐸0

2

(ℏ𝛾𝑓)2
)(𝛤𝑓

𝜅2)2 = 𝐶0
𝜅(𝐹𝑓 , 𝐹𝜑) 𝛺𝑅

2(𝛤𝑓
𝜅2)2            (30) 

𝐶0
𝜅(𝐹𝑓 , 𝐹𝜑)= [(2𝐹𝑓 + 1)(2𝐹𝑓 + 1)]−

1

2. 

As mentioned above, taking into account spontaneous transfer from the upper level made it possible 

to relate the change in the sign of the nonlinear absorption resonance at the closed transition with a 

similar reversal of the sign of the longitudinal alignment of the lower state, depending on the total 

quantum numbers of the transition, the thickness of the cell, and temperature [25-27]. 

The transmitted field intensity is determined by the square of the sum of the incident field and the 

polarization-induced fields 𝐸 
(1)

𝑡𝑟
1  and 𝐸 

(3)
𝑡𝑟
𝜅  and can be written as:  

  
(𝛴) 𝐼𝑡𝑟𝑠𝑚 ∝ |𝐸0|

2 [1 + 2𝑅𝑒(
  

(3) 𝐸𝑡𝑟
1

𝐸0
+

( 𝐸 
(3)

𝑡𝑟𝑠𝑚
1 + 𝐸  ̃ 𝑠𝑝𝑡𝑟

𝜅3

 

(3)
)

𝐸0
)] 

  
(𝛴) 𝐼𝑡𝑟𝑠𝑚 ∝ |𝐸0|

2 [1 + 2𝑅𝑒 (
  

(1) 𝐸𝑡𝑟𝑠𝑚
1

𝐸0
+

  
(3) 𝐸𝑡𝑟𝑠𝑚

1

𝐸0
)]             (31) 

(excluding contributions due to quadratic terms). 

The resulting theoretical expressions (25) and (31) enable to calculate the fluorescence and 

absorption spectra for various alkali atom vapors in an extra thin cell. 

 

 

3. Comparison with the experimental spectra 

As examples, the theoretically obtained fluorescence and transmission spectra are compared with 

experimental spectra for two hyperfine transitions 𝐹𝜑 = 3 → 𝐹𝑓 = 2,3,4 and 𝐹𝜑 = 4 → 𝐹𝑓 = 3,4,5 

of the Cs133D2 line (λ= 852.35nm). For purposes of comparing theory and experiment, we will now 

estimate the coefficients in Eqs. (20), (26a), (28), (30). The value of ‖𝑑𝐽𝑓𝐽𝜑‖=3.80× 10−29C⋅m for 

the reduced matrix element of the  6 𝑆 
2

1/2 → 6 𝑃 
2

3/2 transition was obtained from [16]. At the 

temperature used in the experiment (99°C), the density of the Cs vapor in the ground state (
2

1/ 26 S ) 

population 𝑁 = 1.45 ∗ 1013cm-3 [20] and 𝑘𝑣𝑇 =
2𝜋

𝜆
√2𝑅𝑇/𝜇 = 2𝜋 . 𝛥𝑇106 𝑠−1. For the these T

and 𝜆, 𝛥𝑇 = 253. 

The rank indices for the relaxation constants 𝛾𝜌
𝜅𝑖 are omitted from the second factor in the third-order 

expression for the field (25), since the difference in the constants may be neglected when determining 

the Rabi parameter  𝛺𝑅𝑎𝑏𝑖
2 /𝛾𝑓

2 = (𝑑𝐸0/ℏ𝛾𝑓)
2
. Direct calculation of the coefficients (13a), 

𝑆0  0 0
𝜅3𝜅2 𝐶0  0 0

𝜅21  and 𝑅0  0 0
𝜅3𝜅2 𝐵0  0 0

𝜅21  confirms that the terms with 𝜅3 = 1, 𝜅2 = 0  make the largest 
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contribution to the sum, while the factors 𝑆0  0 0
10 𝐶0  0 0

01 and 𝑅0 0 0
1 0 𝐵0 0 0

0 1   (with different values of 𝐹𝑓) 

are no more than 20% apart. These estimations enabled us to simplify the calculation of the nonlinear 

correction 𝐸 
(3)

𝑡𝑟
𝜅 /𝐸0. 

To make a comparison with experimental data, we calculated the absorption spectra for individual 

hyperfine structure transitions and the given cell thickness. Figure 1(a) shows the spectra obtained 

by varying 
1

  over the interval 0.01–0.03. Variations of relaxation rate appear to affect the 

amplitudes of the resonances in the vicinity of the zero detuning point. 
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Fig. 1. (a)Theoretical absorption spectra for an individual hyperfine transition (first-order iteration) 

for three ultrathin-cell thicknesses l=λ(1), (3/2)λ(2)and 3λ(3). The calculation was performed at three 

values of the relaxation parameter 
1

  for each cell thickness (in the insert l= 3λ): 0.01 (1`), 0.02 (2’), 

and 0.03 (3’). (b) The theoretical linear absorption profiles (first-order iteration) were calculated for 

the set of hyperfine structure components  𝐹𝜑 = 3 → 𝐹𝑓 = 2,3,4  at three cell thicknesses l = λ (blue), 

(3/2) λ (black), 3λ (red) and 𝛤𝜉
1 = 0.02. 

 

While the linear absorption profile is highly dependent on the cell thickness, this reveals a distinct 

sub-Doppler peak at the hyperfine resonance frequency for thicknesses of 𝑙 = (2𝑛 + 1)𝜆/2, where 

n is an integer. The sub-Doppler peak is not present at thicкnesses nλ. 

The absorption spectrum including all the hyperfine structures in the chosen transitions𝐹𝜑 → 𝐹𝑓was 

obtained by summation over the individual components. For a given ETC thickness l, the set of the 

analyzed hyperfine transitions  𝐹𝜑 = 3 → 𝐹𝑓 = 2,3,4  is modeled by three calculated absorption 

profiles with the amplitudes determined by the relative intensities of the corresponding hyperfine 

transitions. The central frequencies of respective profiles are shifted accordingly to the hyperfine 

splitting, determined by the accepted in the model scale (𝑘𝑣𝑇 = 106. 𝛥𝑇). 
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The amplitude and shape of the absorption spectrum depend on the thickness of the ultrathin cell 

[Fig. 1(b)]. The calculation indicates that for thickness 3λ∕2, a narrow absorption peak is observed at 

the center of each hyperfine transition. Similar absorption-spectrum resonances were observed in 

experiments [6–12]. One significant feature of absorption spectroscopy using an ultrathin cell is that 

it enables us to detect sub-Doppler resonances in linear mode. 

Theoretical simulations based on the second order iteration show that the spectral profile of the 

fluorescence is much more sensitive to variations of the relaxation constants. The calculation of the 

intensity based on Eq.(24) is reduced to the numerical integration of the following sum: 𝑓 
(2)

0
𝜅2 =

𝑓 
(2)

0
𝜅2(𝑢 > 0) + 𝑓 

(2)
0
𝜅2(𝑢 < 0). Specifying 𝑘𝑣𝑇 and 𝛾𝜉

1, and varying 𝛾𝑓
0 around 𝛾𝜉

1 ≥ 𝛾𝑓
0/2, one can 

show that the calculated profile of the spontaneous emission for two different ETC thicknesses 

essentially depend on both ETC thickness and relaxation time of excited state (Fig. 2). For l=λ, the 

relaxation rate enhancement results in broadening of an individual fluorescence profile centered at 

the respective hyperfine transition and significant reduction of its amplitude (Fig.2a). Unlike the 

absorption profiles (see Fig. 1), the individual fluorescence profiles have strongly sub-Doppler 

widths and they are well separated at this ETC thickness. Such behavior shows that the atoms with 

small velocity projection on the light beam propagation direction make the major contribution to the 

fluorescence. This can be considered as a consequence of the longer time needed for an atom to 

absorb light and after that to produce the fluorescence to complete a single act of absorption only.  

The theoretical simulation shows that the spectral width of the fluorescence at a given hyperfine 

transition increases when the ETC thickness grows while the relaxation constants remain fixed 

(Fig.2b). This is due to the fact that with the growth of the longitudinal dimension of ETC faster 

atoms get an opportunity to contribute to the fluorescence process. This is the reason for the 

fluorescence profile broadening and for the growth of the fluorescence intensity. Note that the 

proposed theoretical approach demonstrates good sensitivity to the transient processes that have 

different characteristic times for absorption and fluorescence, as well as such times strongly depend 

on the longitudinal dimension of the ETC. 

 

Fig. 2. Theoretical fluorescence profiles (the second order of iteration) for l=λ (a) and l=3λ (b), at 

different relaxation rate of exited state levels. 
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The theoretical fluorescence spectra are compared with the experimentally measured spectra at three 

different longitudinal dimensions of the ETC (Fig.3). In these calculations, we assumed that 𝛤𝜉
1 =

𝛤𝑓
0/2. In case of ETC thicknesses 𝑙 = 𝜆 and 𝑙 = 3𝜆/2, the best agreement between the calculated 

and experimental fluorescence profiles is obtained for the following value of the parameter 𝛤𝜉
1 =

0.025 (Fig.2a,b). It can be seen that the simulations reproduce the experimental fluorescence spectra 

very well showing thus a quantitative agreement. 

 

                  
Fig. 2a. Comparison of theoretical and experimental fluorescence spectra (the second order of 

iteration) for Cs133 hf-transition 𝐹𝜑 = 3 → 𝐹𝑓 = 2,  3,  4D2line (6𝑠  𝑆 
2

1/2 → 6𝑠  𝑃 
2

3/2, 𝜆 = 852,35nm, 

l = λ (a), l = (3/2)λ (b)   
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Fig. 2b. Comparison of theoretical and experimental fluorescence spectra (the second order of 

iteration) for Cs133 hf-transition 𝐹𝜑 = 4 → 𝐹𝑓 = 3,4,5 D2 line (6𝑠  𝑆 
2

1/2 → 6𝑠  𝑃 
2

3/2, 𝜆 = 852,35nm, l 

= λ (a), l = (3/2)λ (b)   

 

The saturated absorption resonances were described by a non-linear correction to the transmitted 

field 𝐸 
(3)

𝑡𝑟
𝑘 , which is determined by the calculation parameters defined at the second-order iteration.  
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Fig. 3. Theoretical and experimental fluorescent and absorption  spectra of 133Cs vapor 

confined to the ETCs of thickness l = (1/2)λ and  (3/2)λ for hyperfine transitions 𝐹𝜑 = 4 →

𝐹𝑓 = 3,4,5. 
 

The curves for the transition 𝐹𝜑 = 4 → 𝐹𝑓 = 3,4,5 in Fig. 3 show a good agreement between 

experiment and calculations (Fig. 3). The absorption increase appearing for ETC thicknesses 

l = (3/2)λ (Fig.3b) is the result of the linear Dicke effect, which dominates over and hides the 

spontaneous transfer effect. 

As already noted, the spontaneous transfer of excitation from the upper to the lower resonance state 

leads to a redistribution of atoms over the magnetic sublevels, i.e. to change the alignment amplitude. 

Detailed numerical calculations show that the alignment sign changes only at a closed transition 

𝐹𝜑 = 4 → 𝐹𝑓 = 5. 
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Fig. 4. Resonances of the longitudinal alignment of the ground state without and after taking 

into account spontaneous decay from upper levels. 

 

By numerical modeling and comparison with experimental results, the adequacy of the theoretical 

approach and the solution obtained by the iteration method describing the role of spontaneous transfer 

of excitation and the influence of temperature and laser power on nonlinear coherence resonances in 

the ETC were studied. The goal is to separate the role of these two parameters and to gain an insight 

into mechanisms of the atom-surface interactions. Experimentally the incident power was varied 

from 5 to 500 mW that correspond to the incident intensities between 1.25 and 125 mW/cm2. The 

temperature was set to 85, 99, or 120°C. The theoretical description developed in the framework of 

the iterative approach is valid up to the threshold saturation value of the pump intensity which is 

about 3 mW/cm2. Notwithstanding with that, a satisfactory agreement with the experimental data is 

obtained for larger values of the pump intensity provided the relaxation parameters are adjusted 

accordingly. 
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Fig. 5. Absorption of the ETC filled with Cs vapour. (a) demonstrates the temperature 

dependence of absorption in the ETC 3λ/2 thick, where λ is the resonance wavelength, while 

(b) shows its dependence on the relaxation parameters. 
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Figure 5 plots the results of the numerical modeling that demonstrate the influence of the field 

intensity and the temperature. Only the part of the spectrum near to the hyperfine transition 

𝐹𝜑 = 4 → 𝐹𝑓 = 5 is shown. 

It is seen in the Figure 5 that the temperature rises by about 10% leads to the slight but noticeable 

rise of the resonance amplitude. On the other hand, the twofold rise of the optical coherence 

relaxation rate 
1

  diminishes the resonance amplitude considerably. Calculation of the nonlinear 

absorption leads to the conclusion that the fivefold increase of 𝛤𝜉
1 leads to the disappearance of the 

inversed resonance on the 𝐹𝜑 = 4 → 𝐹𝑓 = 5 transition. We found that the relaxation parameters rise 

can be used to simulate the power broadening. Indeed, in the strong laser field the role of the 

spontaneous transitions diminishes, and the resonance absorption follows the same trend. 

The computed absorption resonances agree well with the experimental results. Figure 6 compares 

the absorption resonances at two different temperatures, while figure 3 compares the results for two 

different intensities. 
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Fig. 6. Absorption of the ETC filled with Cs vapour: temperature dependence 

. 

 

It is important to note that even for the incident intensity as large as 15mW/cm2 the qualitative 

coincidence with the experimental spectra is achieved (Fig. 6b). 
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Fig. 7. Absorption of the ETC filled with Cs vapour: temperature dependence. 

 

The spontaneous decay role, in its “pure” form, is shown in Fig. 7 for a cell thickness of l = 6λ.The 

detailed theoretical calculations of the saturated absorption signal showed that an increase in the 

absorption takes place on the closed 𝐹𝜑 = 4 → 𝐹𝑓 = 5 only, as a consequence of the longitudinal 

alignment sign reversal on the same transition. The amplitude of the resonance itself depends on the 

parameters defined in the numerical integration, which is indicative of the role of the processes and 

their relationship with the temperature, the cell thickness and the laser field power.  

The results of the numerical modeling give us reason to claim that varying the relaxation constants 

for different cell thicknesses and accounting correctly for the spontaneous excitation transfer result 

in changes both in the amplitude and in the shape of the absorption and fluorescence resonances. 

This points to the possibility of describing phenomenologically the relaxation processes in an 

ultrathin cell. New and more detailed studies and numerical experiments are planned. 

 

4. Conclusion 

The developed theoretical analysis demonstrates good sensitivity to the transient processes that have 

very different characteristic times for the absorption and the fluorescence. The time of the transient 

process also depends on the longitudinal dimension of the ETC. Indeed, the proposed approach 

reproduces in a quantitative way the multicomponent absorption and fluorescence spectra that are 

very different in ETCs. This was not the case in the previous works where only individual hyperfine 

transitions were concerned theoretically and a qualitative agreement between the theory and 

experiment was achieved. 
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