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Deconvolution techniques are developed for improving lidar resolution when the sampling intervals are shorter
than the sensing laser pulse. Such approaches permit the maximum-resolved lidar return in the case of
arbitrary-shaped long laser pulses such as those used in CO; lidars. The general algorithms are based on the
Fourier-deconvolution technique as well as on the solution of the first kind of Volterra integral equation. In the
case of rectangular pulses a simple and convenient recurrence algorithm is proposed and is analyzed in detail.
The effect of stationary additive noise on algorithm performance is investigated. The theoretical analysis is
supported by computer simulations demonstrating the increased resolution of the retrieved lidar profiles.

1. INTRODUCTION

The resolution of pulsed lidars is usually accepted to be of
the order of the pulse spatial size, if the integration period
of the photodetector is negligible.! The original lidar
equation describing the lidar return has the form of the
following convolution®:

ct/2

F@) = j f@& — 22'0)®(z")d2', ¢))]

c(t-7)/2

where F(z) is the lidar return at moment ¢ after the pulse
emission, f(8) = P(6)/P, is the pulse-shape function de-
fined as pulse-power shape P() normalized to its peak
value @, ¢ is the speed of light, 7 is the pulse duration,
®(2) = az ?n(2)B(2)T %(2) is the maximum-resolved (short-
pulse) lidar profile at range z, a is a constant, 7(2) is the
receiving efficiency of the lidar, B(z) is the atmospheric
backscattering coefficient, and J(z) is the atmospheric
transmittance. In the case of short-enough pulses (r —
0), we obtain the well-known normal form of the lidar
equation:

Fy® = HD(z = ct/2),
X =(c/2) f Tf @Hde', @)
0

which describes the maximum-resolved (short-pulse) lidar
return and is commonly used in the lidar-data analysis.
However, as is noted in Refs. 2-5, the routine application
of Eq. (2) to the case of long-sensing pulses might lead to
an incorrect interpretation of the lidar data. This prob-
lem is investigated in Refs. 4 and 5, in which the original
lidar equation is modified to a form similar to Eq. (2) by
introduction of the so-called correction function C.(2) as
an additional factor in Eq. (2). This factor is the ratio of
Eq. (1) to Eq. (2), taking into account that ¢ = 2z/c.
Mathematically it is presented by a complicated integral
expression that depends not only on the pulse shape but
also on the atmospheric transmittance, the backscattering

distribution, the receiving efficiency of the lidar, etc.
Therefore, the determination of C,(z) and the atmospheric
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parameters of interest requires some preliminary infor-
mation on the influence of £(¢), T(2), B(2), n(2), etc. The
relation between J(2) and B(z) is also of importance. So
the correction-function approach is developed and is used
for determination of atmospheric backscattering and
water-vapor (or other gas) content profiles for both inco-
herent* and coherent® differential-absorption lidar with
use of CO; lasers. In the incoherent case, for instance,
this technique consists of a two-step iteration procedure
based on three crucial assumptions.? First, at 10 um, the
backscattering and the transmittance factors in the lidar
equation in clear atmosphere are independent. Second,
the correction function is sensitive to 8 and insensitive to
the water-vapor amount and to distribution at weak-
absorption wavelengths. Third, the ratio of the correction
functions at two H,O-differential-absorption-lidar wave-
lengths is insensitive to the B distribution and sensitive to
the H,O amount and distribution.

In the present paper we develop a general approach to
the lidar-data analysis that is based on Eq. (1). That is,
we divide the problem into two successive stages. The
first stage is a clearly defined mathematical problem: to
solve Eq. (1) with respect to the maximum-resolved profile
®(2 = ct/2) at measured F(¢) and known (measured or
estimated*®) f(#), without any prior information. We only
suppose that the functions @, f; and F have some quite gen-
eral properties, such as continuity, differentiability, and
integrability, following from their physical nature. Since
the sampling interval 7, of the analog-to-digital converters
is assumed to be small compared with the pulse duration
7, we would achieve an improved lidar resolution scale
of less than ¢7/2 and even of the order of c7,/2. When
the length cr,/2 is less than the least spatial variation
scale of ®(z), the maximum resolution might be practi-
cally achieved at a sufficiently low noise level. The deter-
mination of ®(z) allows us to use, as a second stage of
the problem, detailed traditional methods for processing
and interpreting the lidar data (see, e.g., Refs. 7 and 8).
The effect of a stationary additive noise is also investi-
gated. The theoretical analysis is supported by computer
simulations.
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2. INVERSE ALGORITHMS

Mathematically, when functions F(¢) and f(¢') are known,
Eq. (1) is an integral equation with respect to the short-
pulse lidar profile ®(z). The lower integration limit in
Eq. (1) corresponds only to the case of finite pulse dura-
tion. In the case of pulses whose tails decrease asymptoti-
cally, we may write 2z, as a lower integration limit, where
2o is the coordinate of the initial scattering volume
contributing to the signal. In both cases, we can solve
the integral equation for ®(z) by using the Fourier-
transformation technique. Besides, in the latter case we
might have to solve the first kind of Volterra integral
equation by using well-known mathematical methods.®

Below we analyze in more detail the feasibilities of the
above-mentioned mathematical techniques for retrieving
®(2) on the basis of integral equation (1). A specific algo-
rithm proposed here for the case of rectangular pulses will
be considered as well.

A. Fourier-Deconvolution Technique
The substitution ¢ — 22'/c = 6 in Eq. (1) leads to the
relation

F@) = (c¢/2) Jmf 6P — 6)/2]ds, 3
0

where for the case of finite pulse duration u = 7 when
t —2zyfc=r1and u =t — 2zpfc when t — 2z,/c < 7. In
the case of an asymptotically decreasing pulse tail, u =
t — 2zp/c. The finite integration limits appearing in
Eq. (3) indicate only the points where the integrand be-
comes identical to zero. In fact, the functions F(?),
®(z = ct/2) and f(¢) are defined and integrable over the
interval (—w,), and we may consider the integration as
being performed from — to +%. In this way, we avoid
the misleading impression that there are variable integra-
tion limits. The Fourier transformation of Eq. (3), taking
into account the last remark in both cases of the sounding
pulses, provides

Fw) = f0d®), @

where

Fw) = f Ftexp( jot)dt, (5a)
flo) = f f@®exp( jot)dt = f f®exp( jot)dt, (5b)
—0 0

dk) = f ®(2)exp( jkz)dz = f ®(2)exp(jkz)dz  (5¢)
= 0
are Fourier transforms, assumed to exist, of F(¢), f(#'), and
®(2), respectively; & = 2w/c, j is imaginary unity, and
T — o« for long-tailed pulses. From Eq. (4), using the
inverse Fourier transformation, we obtain the following
algorithm for retrieval of ®(2) (¢ = 22/c):

®(z) = 2m)™ f &(k)exp(~jkz)dk
= (me)™! J [F(w)/f (@) ]exp(— j2wz/c)dw

= ®F) = (we)™? f [F(w)/f(@]exp(—jot)dw. (6)
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The numerical procedure of calculating ®(2) on the
basis of Eq. (6) includes the fast-Fourier-transformation
algorithm for F(¢) and f(¢') sampled by some minimum ini-
tial interval A%y, e.g., Aty = 7.. The data can be processed
with a larger spacing At = mAt, (m is an integer) if, as
shown below, it would improve the final result by suppress-
ing the effect of an additive noise. At the same time, in
order for any distortions of the retrieved ®(2) to be
avoided, the frequency 7/A¢ must exceed the characteris-
tic upper-frequency limit w; of the spectrum D(w) =
®(k = 2w/c) = F(o)f(w). We suppose that the real inte-
gration interval [—¢,,£,] [instead of (—x,) in Eq. (5a)] is
large enough that ®(2) is fully restored for values of z
from z = 2z, to some characteristic distance z, = ¢t./2 for
which ®(z,) practically vanishes. It means that ¢ must
exceed ¢, because z = ct;/2 is the upper limit of z for which
®(2) can be retrieved correctly. The behavior of the
finite-computing-step systematic (bias) error & can be de-
scribed (see Appendix A) by the expression

8(2) = ®.(2) — B(z) = kP(2)(A2)? )]

where ®.(2) is the profile numerically restored on the basis
of Egs. (5) and (6), « is a factor described in Appendix A,
®U(2) is the second derivative of ®(z) with respect to z,
and Az = cAt#/2. We further denote by symbols such as
¢’(y) (J =LII,...) the Jth derivative of the function ¢
with respect to y.

In the presence of additive noise n(¢) interfering with
the lidar return F(¢), the signal to be processed is F(¢) +
n(t). In this case, a random error &(¢) is added to ®.(¢) =
®.(2z = ct/2). With Eq. (6), the expression for & can be
formally written as

o = w0 [ liw/f@lexp-jondo, @
where

7
filw) = j l n(t)exp( jot)dt. 9)

-4

Assuming that n(¢) is a stationary stochastic process with
correlation radius 7, smaller than #; and using Egs. (8) and
(9), we obtain (in the limit ¢, — ) the following expression
for the variance De = (e(£)*):

Dg = (o)™ 2w f ) [I.()/If()]dw, (10)

where If(w) = If-"(cu)l2 and I,(w) = lim,_. Dn [?4,K,(0)
exp( jw#)dl are the spectral densities of f(¢') and n(f), re-
spectively, Dn = (n%(®)) is the variance of n(¢), () denotes
an ensemble average, K,(8) = cov,(0)/Dn is the correla-
tion coefficient, and cov,(0) = (n(®On(t + 6)) is the covari-
ance of n(¢). According to Eq. (10), when the noise
spectrum I,(w) is wider (tends to zero more slowly) than
I(w) we would have an infinite value of De. Conse-
quently, some type of low-pass filtering is always neces-
sary for decreasing the noise influence as it is achieved
here with the use of different computing steps. Certainly,
as shown below, an additional preliminary low-pass filter-
ing improves the results from the deconvolution.
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From Eq. (10) we can estimate the effect of a finite
computing step Az on the value of De by replacing the inte-
gration interval (—o,) with the interval [—m/At,w/At].
Then we have

/At
De = (wc) 27 j [z (@)/I{w)]dw. 11

An estimation of the general behavior of De based on
Eq. (11) shows that, when A# increases above 7., the effect
of the noise always decreases as a result of a correspond-
ing narrowing of its spectral band, although the variance
Deg can be large when the spectrum I, (w) is wider than the
spectrum Ir(w), especially when the latter becomes zero for
some discrete values of w =< w,;, where w,; is some charac-
teristic upper-frequency limit of the noise. The rectangu-
lar laser pulse is an example in which the spectrum I (w) =
0 for w = imfr; i is an integer. In such cases one can use
the deconvolution techniques considered below and be free
of the indicated difficulty. When the spectrum I,(w) is
narrow compared with If(w), i.e., when 7. exceeds the
pulse duration, from Eq. (11) we obtain De = Dep, =
(2/e)*Dn/(1¢®) [1r= [5f()dt' is the effective pulse dura-
tion]. This value is the lower limit of the variance at
fixed pulse duration and A¢.

If the measured pulse shape is f,.(£) = f(£) + Ag(?),
where f(¢) is the true pulse shape and As(¢) is the uncer-
tainty in its measurement, the denominator in the inte-
grand function of Eq. (6) will be not f(w) but f(w) + Af((l))
where Af(w) is the Fourier transform of A¢(¢). In the case
of a well-defined pulse shape, the amplitude of A(¢) is
much less than unity. If As(#) is a slow function compared
with f(¢), the spectrum A/(w) is narrow compared with
f(w) and is concentrated around w = 0, affecting in this
way the low-frequency components of &(w). In the oppo-
site case of fast variation of As(¢) in comparison with f(2),
the spectrum Af(w) is wider than f(w) and affects the
high-frequency components of ®(w) appreciably. In gen-
eral, the magnitude of the uncertainty A,(z) in the re-
trieval of ®(z) can be estimated on the basis of Eq. (6) as

Ay (2) = O.(2) — P(2)
= f DA (@[ fw) + Aw)] texp(—jot)do,

where ®,(z = ct/2) is the profile restored with use of the
pulse shape f,,(¢). As can be seen, the general expression
of A,(z = ct/2) does not represent a local dependence on
®(z) and A(2), because ®(w) and A;(w) are integrals over
all values of z = c¢#/2. For instance, for a narrow spec-
trum Ap(w), the general expression may be simplified to
the form A,(z = ct/2) = 7,7 [}, ®()A;(¢ — t)d¢’, which
indicates a proportionality to the magnitudes of ® and Ay,
including interactions of A; with earlier values (at ¢’ < £)
of . Certainly, variations of ®(z) with amplitude A; may
be distinguished only when |A,(2)| << A,.

B. Deconvolution by Solution of the Volterra Integral
Equation
As mentioned above, Eq. (1) can be written in the form

ct/2
F@) = [ — 22//0)P(2")dz". (12)

20
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By the substitution ' = 2z'/c, and with double differentia-
tion assuming that f(0) = 0, we obtain

t
®(ct/2) = F@) + J K@t — t\®(ct/2)dt, 13)
to

where F(t) = 2/c)F*@)/f0), K¢t — ¢) = — ¢ — ¢}/
Y0, F{O) = f(t — t)|s=s, and ¢, = 22¢/c. Equation (13)
is the second kind of Volterra integral equation with re-
spect to ®(ct/2 = z), which has a unique continuous solu-
tion within the interval [#y,#] ({2, 2], respectively), when
%(¢) is a continuous function within the same interval and
the kernel K(¢ — #') is a continuous or square-summable
function of ¢ and # over some rectangle {¢, = ¢,¢ < 6}.
The solution of Eq. (13) is obtainable® in the form

t—to
Oz = ct/2) = F@ + f ROF¢ - Dd,  (4)
0

where the substitution ¢ = ¢ — ¢ is used meanwhile.
Here, R({) = =5-; K;({) is the resolvent, K;({) =
J§Ki1(OK, ¢ — £)dg and K,() = KQ).

The bias error 8(z = ct/2) = ®.(z = ct/2) — ®(z = ct/2)
caused by the finite calculation step At is obtainable on
the basis of Egs. (14) and (B4 below), provided that the
resolvent R is known almost without error as if it were
calculated with a computing step much less than Az, The
result is that

8(z = ct/2) = —(2/30)(AD [PV (@) — Fto)REE ~ #o)
— FUt)RYE — ty) — FU(E)RE — to)].
@15)

Here, ®.(z = ct/2) is the profile numerically restored on
the basis of Eq. (14).

In the presence of a stationary additive noise n(t), the
corresponding random error ¢ is given according to
Eq. (14) by

t—io
e(t) = 1) + f R - Od¢, (16)
0

where I(2) = 2/0)n™(®)/f10).
The variance De is obtained from Eq. (16) in the form

t=tg

De = (e(t)") = Dz[l +2| RQOK@Q
0

+ j:[ R({’)R({")Kl({" —_ {l)dgld{ll] s (17)
0

where D, = {{(¢)?) is the variance of I(¥), K;(6) = cov,(6)/D,
is the correlation coefficient of I(¢), and cov;(8) =
@ + 0)I(®)) is the covariance of I(¢). For cov,(§) we have
(see Appendix B) cov;(0) = limy;o{l(¢ + 0)I.(8)) = limp;o
cov,(0) = E?DnK,™(6), where I.(t) is a discrete analog of
1®), covi, (0) = (.t + 0)I.®), and E = 2/[cf(0)]. For
At >> 7, we estimate cov, () (see Appendix B) as

cov,,(0) = (1L12E)*DnK,(0)/(A)*. (18)
Consequently,
K0 = K.Y 0)/K.0),
K, (0 = K.(0),

= E2DnK,M0), (19
= (L12E)*Dn/(AD)*, (20)
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where D,, = cov;,(0), K;,(6) = cov,,(8)/D,,, and K,”V(0) =
K@) g=0 ~ 7.~*. As follows from relations (17)-(20), the
decrease of the noise-correlation time 7. leads to a sharp
increase of the variance De ~ r,”*. However, the real
discrete calculation procedure with use of a finite spacing
At > 7, restricts the noise effect to a value of De ~ D,, ~
(At)™*. This value is (At/r.)* times less than the case
At < 7, and decreases with the increase of the interval Az,
now playing the role of correlation time. When 7, in-
creases, the noise effect vanishes ~1,7%.

The uncertainty As(¢) in the pulse shape results in an
uncertainty Ag(¢) in the determination of the kernel K(¢),
from which an error Ag(§¢) arises in the determination
of the resolvent R(¢). This leads to a retrieval error
Au(z = ct/2) = ®.(2) — ®(z), where the restored profile
®,(2) corresponds to the measured pulse shape f,(#) =
f@ + Ap(®). If Af(?) is a smooth function of ¢ compared
with f(£), we have Ag(¢) =~ —A/¢)/f(0). According to
Eqgs. (12) and (13) and the expression %(6), using integra-
tion by parts, we obtain A,(z = ct/2) = [§0Ar(O)F( —
£)de = Ag(O)F'(®) + ARNO)F() + [§AR"QF (¢ — §dé
Thus the error A,(2) depends in a nonlocal way (through
F) on ® and might increase proportionately to ¢ — #,. Be-
sides, it is proportional to the higher-order derivatives of
Af£), with respect to Ag(€) ~ AM(E).

C. Deconvolution in the Case of Rectangular Pulses

In the case of rectangular laser pulses, when f(¢') = 1 for
t' € [0,7] and f(¢) = O for ¢’ & [0,7], the differentiation of
Eq. (1) leads to the relation

(2/F'@t) + ®lct — 7/2] = Plct/2), (21)

which is a recurrence algorithm for retrieving the high-
resolution lidar return ®(z = ct/2) on the basis of F(#)
sampled by an interval Az, and ®(z) is known in some
c7/2-long spatial interval (for instance, from z = 2z, — ¢7/2
toz = z). From Eq. (21) we obtain
9
Blet/2) = = SN — i) + Ot — (@ + Drl/2}, (22)
i=0
where @ = [(¢ — t,)/r] is the integer part of (¢ — #,)/r and
20— c1/2 = ¢t — (@ + D7]/2 = 2,.
The distortion caused by a finite computing step At =
Aty can be estimated on the basis of Eq. (22) as

8(t = 2z/c) = ®.(ct/2) — D(ct/2)

Q
2
== S FNE - i — FY¢ — in)]
i=0 0
= —(2/300) (A" D FV(t — in), (23)
i=0
where ®.(ct/2) is the profile numerically calculated on the
basis of Eq. (21) and F,X(¢) is a discrete analog of F(¢),
which is estimated in Appendix B. On the other hand,
from Eq. (21) we obtain the expression

FY(t) = (¢/2)%[@"(ct/2) — @™V[c(t — 7)/2]}, (24)
on the basis of which Eq. (23) acquires the form
8(t) = —(1/30)(cAt/2)*®V(ct/2). (25)

In the presence of an additive stationary noise n(f), ac-
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cording to Eq. (22) the error ¢ and its variance are given,
respectively, by

9 Q

o) == Dl — in), 26)
i=0
De(®) = (%))

Q
= (4/e)(Q + 1)Dn' + 4/c? D, covallg — i)7],
i#g=0
@27

where the variance and the covariance of r!(¢) are as fol-
lows (see Appendix B):

Dn! = ((n'®)]% = —DnK,"6)| -0,
covul(g — i)7] = ('t — innlt — g7))
= —DnK," 6)|p=q-ir- (28)

In the case of wideband noise with correlation scale ., < 7,
we can neglect the second sum in Eq. (27) and obtain,
using Eq. (28),

De = —(4/c)(Q + 1)DnK,™ )| 9. (29)

Expression (29) is valid when 7, >> A¢, and then
K,"(®)|¢-0 ~ 7.2 It shows that the recurrence character
of algorithm (21) leads to accumulation of the noise with
the increase of z ~ (@ + 1). Moreover, with respect
to K,"(0)|s=0 ~ 7.7%, the less 7., the stronger the noise
effect. At a finite computing step At >> 7., we have (see
Appendix B)

De = De, = 0.9(4/c*>)(Q + 1)Dn/(At). | (30)

Obviously, by suitable choice of a data-processing step
At = mA¢, > 1. we can decrease the noise effect propor-
tionally to 7./At, lowering at the same time the resolution
to the order of Atz

At 7, >> 7, an estimation of the variance De based on
Eqgs. (26)-(28) yields De = —(4/c®)Dn(Q + 1K, 8)|o~0 ~
[(t — t5)/(r7.)]%. As can be seen, the increase of 7. leads
to a reduction of the noise effect.

The pulse-shape uncertainty can be formulated as if the
rectangular pulse is an approximation (f, () =1 for
t € [0,7], and f,,(t) = 0 for ¢ & [0,7]), of some real pulse
shape that is identical to zero for ¢ & [0,7]. Then, in the
integrand function of Eq. (1), instead of f(t — 22c) we
have [1 + A;(t — 22'/c)], where A;(JAf| << 1) is the error
that is due to the approximation. In this case, on the left-
hand side of Eq. (21) the additional term ¢,() = —(c/2)
J3A;@)®[c(t — u)/2]du appears. When A;(w) = As =
constant, we obtain ¢,(2) = —A{®(ct/2) — Dect — 7)/2]},
and the total error resulting from all recurrence cycles is

Az = ct/2) = ®.(2) — B(2)
= ~[pa(®) + 0ot — ) + @a(t — 27) +...]
= A;®(z = ct/2).

In general, @,(f) = —A(0)®(ct/2) + Ap(D)P[clt — 1/2] ~
(2/c)A[(&)F(¢), where ¢ € [0,7]. The total error

Au(z = ct/2) = Ap(0)D(ct/2) — [As(7) — Ar(0)]

Q Q
X > ®fct — in] + (2/0) X AUEIF(E — i),

i=1 i=0
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where & € [0,7]. So, except for the local term A/(0)®(2),
A, (z) involves the contribution (2/c)AN(&,)F(¢) =
JIAUE)D[c(t — £)/2]d€ of all interactions of A! with &
within the pulse duration, as well as the accumulated
errors from all preceding recurrence cycles.

3. SIMULATIONS

In the computer experiments that demonstrate below the
performance of the inverse algorithms discussed in
Section 2, we use the following model for the short-pulse
lidar profile:

Gurdev et al.

Two models of additive normal-distribution noise n(z)
have been simulated, namely, white noise and Guassian-
correlation noise. The noise level is specified by the ratio
of the amplitude A, = (¢/2)(CT/87) of the oscillatory
component S(#) of F(f) given in the form of Eq. (32), to
the standard deviation VDn of the noise, i.e., by some
input (before processing) signal-to-noise ratio (SNR) =
SNR," = A,,/VDn = ¢CT/(167wVDn).

The profiles ®, restored on the basis of all three al-
gorithms in the absence of noise are not given in separate
figures because they do not differ visibly from the profile
of ®. The actually obtained as well as the theoretically

0

— #)"38 _ _
Bz = ctf2) = wiAE ~ R expl=G/¢ ~ £0)]

[A(t — t0)"%exp[—G/(¢ — t0)]

At — to)Sexp[—G/(t — to)] + C sin’[27(t — 20)/T]

At — t) Bexp[—G/t — to)] + B + b2 — (¢t — t, — bTy)?/ Ty
A(t — t9) Sexp[—G/(t — t0)] + B + b% — (¢t — t, — 3bT)*/Ty?

for t <t,
fortg <t =G + &,

for G + ty <t =t,,

for t, <t =t, + 20T,

for t, + 20Ty < t = t, + 4bT,,
for ¢t > ¢, + 4bT,,

31

where W is a system constant and the other parameters
are as specified in Table 1. As can be seen, ®(2) is the
sum of some mean lidar profile, a high-resolution compo-
nent of period 7/2 in the near field, and a double-peak
structure introducing discontinuities at a farther range.
The graph of ® versus sample number is given in Fig. 1.
The sample rate corresponds to a range cell of 15 m or a
time cell of 0.1 us. The rectangular pulse duration 7 is
chosen to be twice as large as T, i.e., 7 = 2T (see Fig. 1).
In this case, on the basis of Eqs. (1) and (31) we obtain the
following analytical form of the recorded long-pulse lidar
response F(z):

predicted [Egs. (7), (15), and (25)] systematic errors at
At = 4A¢, are represented in Figs. 4(a), 4(b), and 4(c) for
the cases of Fourier deconvolution, Volterra deconvolution
and rectangular pulses, respectively. The factor « in the
case of Fourier deconvolution is empirically chosen as a
constant equal to 0.1. The resolvent R is calculated al-
most ideally by a computing step that is 20 times less than
Ato. The relative error §/® for all three cases correspond-
ing to Figs. 4(a), 4(b), and 4(c) is represented in Fig. 4(d).
Obviously, there is an agreement between the theoretical
predictions and the actually obtained results for the errors;
that is, the highest accuracy is achieved in the case of rect-

0
{H(t) + C@ — t0)/2 — S(®)
L@) + C7/2 ~ M@)

L@

L@) + NG - ¢t,)

L@ + N@¢ — ¢, — 2bT) + N(2bTp)
L(®) + 2N(2bTy)

L) + N@, + 7 + 2Ty — t) + N(2bT))
L®

c
F@) = W§<

L) + Clp + G+ 17— 8)/2 — (CT/8w)sin@nG/T) + St — 7)

for t = ¢,
fortg <t =<ty +

forty +r7<t=t¢ + G,

fortg +G<t<ty+G+r,
forto +G+r=t<t,,
fort, <t =t, + 2bTy,

for ¢, + 20T, < t = ¢, + 4bT,,
for¢, + 46Ty <t <t, + 7,
fort, + r<t=t,+ 7+ 4bT,,
fort, + v + 40Ty < ¢,

(32)

where H(t) = (A/G)exp[—G/(t — to)I[G™! + (¢ — £4)71],
S() = (CT/8m)sin[4w(¢ — ¢,)/T], L) = HE) — H(t — 1),
M@#) =S¢ — St ~ 1), and N(¢) = (B + bt — [(t —
bTy)® + (BT,)*]/(8Tv%). The graph of F versus sample
number corresponding to Eq. (32) is given in Fig. 2 by the
dashed curve. Another pulse shape used here and pre-
sented in Fig. 3 is

f@&) = t[(V2e/r)exp(—t*/r?®) + (xefr)exp(—t/r)]/f,,
(33)

where f, is the peak value of the numerator and ,, 7, %,
and the initial (the least) calculation step A¢, are as speci-
fied in Table 1. The TEA-CO,-laser pulses have similar
but shorter shapes with extremely sharp spikes.! The
lidar response F(¢) corresponding to pulse shape (83) and
to model (31) is calculated numerically with Eq. (1). Its
shape is shown in Fig. 2 by the solid curve.

angular pulses. In this case, as well as in the Fourier-
deconvolution case, oscillations of the error & exist that
have a phase angle 7 (opposite phase) with respect to the
oscillations of ®(z). Thus the magnitude of the error has
maxima at the sharpest changes of ®(z). These changes
provide the main contribution to the high-frequency re-
gion of ®(w), which is cut [and ®(z) is smoothed] because
of the finite step Az. In the case of Volterra deconvolu-
tion, oscillations of & exist as a result of the oscillations of
®(z) but without any simple phase correspondence. In
general, for small-enough steps A¢, the errors would have
negligible values. At the discontinuities, the analytic
expressions of the errors [Egs. (7), (15), and (25)] are not
valid, although sharp changes of ®.(z) corresponding to
the discontinuities are identified. The explanation of this
fact is that the algorithms perceive the functions F and ®
as differentiable and continuous ones but having together
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Table 1. Model Parameters of Short-Pulse
Profiles and Pulse Shape

Parameter Unit Value

Short-pulse profile models

A us® 3000
G uS 20
C Constant 0.1
B Constant 0.03
b Constant 0.25
to S 4
T us 5
To us 7
ta us 70
ty us 20
t us 28
ta s 35
t, S 496
T: ©s 60
ts us 30
1 Constant 0.25
Y2 Constant 0.35
Model of the pulse shape
T1 us 1
To S 2
x Constant 04
T us 10
Initial calculation step
Aty us 01
0.7
— 3 N I
w 0.6
- J
‘Ho.5
37
-g 0.4 7
~0.3 ]
B
k 0.2 ':
[*] ]
R4 0.1
o.o :"l'li"l' LAAANEA RSN RALAALERAE RALRERERE D] LB ARAREAJ
200 400 600 800 1000

Sample (lsample = 15m)

Fig. 1. Graph of the testing profile ® given by Eq. (31), as a func-
tion of sample number; the relative width of the rectangular
pulse with duration 7 = 2T is given.

with their derivatives extremely sharp changes instead of
discontinuities.

Figure 5 shows the profiles of ®, restored in the pres-
ence of white noise (SNRy™ = 10) on the basis of the
Fourier-deconvolution technique at (a) A¢ = A¢y and
(b) At = 4A¢,. The profile of ® [Eq. (31)] is also repre-
sented in Fig. 5. The case of deconvolution by resolution
of the Volterra integral equation at the same noise level
(not shown) leads to similar results. In both cases, the
initial ranges of the error £ (at A¢ = A¢,) considerably ex-
ceed the oscillation amplitude C of the retrieved profile
®(2) [see Eq. (31)] and have comparable magnitudes, with
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a slightly higher value in the Fourier-deconvolution case.
The rates of reduction of the noise effect with the increase
of At are also comparable, with a slight advantage of
the Volterra-deconvolution case. The case of rectangular
pulses is represented in Fig. 6 at (a) At = A¢yand (b) At =
4At,, where the accumulation of the noise is easily seen.
In this case, the noise effect is feeble compared with that
in the other two cases. However, after ®(2) is retrieved at
At = Ay, the output corresponding to_SNRoi" (after pro-
cessing) SNR = SNR™ = C/(2VDe) = (Q + 1)~2
(cC/4)Ato/(VDn) is still 27(Q + 1)Y? times less than the
input SNR,™ = 10 [see Egs. (29)-(31)]. As can be seen,
when the computing step A¢ increases, the effect of the
noise decreases. At the same time, the distortions of @,
with respect to ® increase. In the case of correlated
noise with correlation time 7, ~ A#y, we have obtained
similar results, because the white noise sampled by the
interval At is not distinguishable, in practice, from such a
correlated noise.

The resolution of retrieving ®(z = c#/2) in the absence
of noise depends on Af; that is, all the components of ®
with a characteristic period exceeding (e.g., several times)
At would be resolved. The achieved range-resolution scale
As is conditionally defined with respect to cA#/2. For
instance, the results from the simulations show that the
details of ®(z) are still resolved when 7' = 6A¢, although
the retrieval error is increased. So we may conditionally

h

)

Juni

2}

Power (arb

<

N
clllljllI_IALI!JIIIJLIIALLI

1000

Fig. 2. Original lidar returns F corresponding to the given test-
ing profile ® [Eq. (31)] for the rectangular pulse with duration
7 = 2T (dashed curve) and for the pulse shape f(¢) given by
Eq. (33) (solid curve).
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Fig. 3. Graph of the pulse shape f(¢) given by Eq. (33).
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Fig. 4. Theoretically predicted (solid curve) and calculated (separate points) systematic errors versus sample number for the cases of (a)
Fourier deconvolution, (b) Volterra deconvolution, and (c) rectangular pulse. (d) Curves 1, 2, and 3 show the calculated relative errors 5/®
for curves (a), (b), and (c), respectively. The computing step At = 4A¢,. a.u. is arbitrary units.

accept that the resolution scale As = 5¢A#/2. Certainly,
the decrease of At improves the resolution. On the other
hand, in the presence of noise, A¢ must be sufficiently
large (which restricts the improvement of the resolution)
that the output-noise level [~(Dg)"?] is (several times) less
than the amplitude A; of some varying (oscillatory) compo-
nent to be resolved. If we assume that the relation

5(De)'? = A, (34

is to be satisfied and use Eqgs. (11), (17), and (30), taking
into account the relation A¢ = 2Ag/5¢, we can estimate
the dependence of Ag on the input-noise level [~(Dn)"?]
for all three techniques. So, from Egs. (11) and (84), for
7. <K At << 77 we obtain

As = ASF =125 SNRpp_zAcd, (34)

where Ay = ¢14/2, Ty = [2.K,(0)d0 is the definition of
the correlation time 7., SNRer = [4Dn/(c*r,°A;*)] “¥2 and
T (0n) = |[2afB)exp(jont)dt| = |flon)| < 7f; ©m E
[0, @/At] is some mean frequency. Consequently, in the
Fourier-deconvolution case the resolution scale Ag = Agp
taken in units of A, is proportional to the noise variance
Dn or is inversely proportional to some squared partial
(defined with respect to A;) signal-to-noise ratio SNR =
SNRpr.

In the Volterra-deconvolution case, on the basis of
Eq. (17), where the expression in the square brackets is
estimated to be =1, for 7, << At << 7 we obtain

As = Asy = 12(SNRpy) 2A,, (36)

where A, = ¢7./2 is an estimate of the pulse length be-
cause, on the basis of Eq. (83), the time quantity . =
[£'(0)] 7! is interpreted as some estimate of the pulse dura-
tion, SNRpy = [4Dn/(c?*.2A,»] "2 So, in this case, the
resolution As = Agy in units of A, is inversely propor-
tional to the square root of some partial SNR = SNRpy.

In an analogous way, for the case of rectangular pulses
we have

As = Asp = 25(SNRpr)7'A ; (37

i.e., the achievable resolution As = Agr in units of the
pulse length A = ¢7/2 is inversely proportional to the par-
tial SNR = SNRpg = {[0.9( + 1)4Dn]/(c®7?A,%)} 2,
which in addition decreases [~(@ + 1)™*%] with the in-
crease in the number of recurrence cycles.

Equations (35)-(37) describe the dependence of the
achievable resolution scale As on noise level and allow us
to predict what types of details of ®(z = c#/2) are resolv-
able in the presence of noise. So if T, is the expected or
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Fig. 5. Profile @, versus sample number, restored by Fourier
deconvolution in the presence of white noise with SNR," = 10,
for (a) At = Atg, (b) At = 4At,. The profile @ is given for
comparison.
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the required (desirable) period of the oscillatory compo-
nent (with amplitude A;) to be resolved, it must be larger
than Ag; ie.,, T, > As. In the case when As > T, we
have to decrease Dn in some way, e.g., by averaging over
some sufficient number of laser shots. As Figs. 5 and 6
show, in the simulations presented Agr ~ T, = T/2 < 77
show, but Aqg < T, = T/2 < 7.

The relation between the resolution and the noise level
in the case of Fourier deconvolution is illustrated in Fig. 8
below. The model of ®(z) = ®,(2) (Fig. 7) that was used
consists of the same smooth component as the model in
Fig. 1 but with a strong sharp discontinuity superimposed
upon it and multiscale striations at farther ranges. The
discontinuity is defined as 0 for ¢ < ¢, and ¢ > ¢g4,
Wyt — )/ (t. — &) for &, = t < &, and Wy (¢ — 23)/
(t. — tg) for t, =t = t;. The striations are defined as 0
for ¢ < t, and by the expression WC sin¥{2#/T,)(¢ — £,)
expl(t — to)/t.]} for ¢t = £,. The parameters &y, ., ta, te, Y1,
y2, Tt, and £, are specified in Table 1. The same reference
scale as above (by SNR,™) is used to specify the noise.
The same pulse shape as in Fig. 3 [Eq. (33)] is considered.
In the absence of noise, ®;(2) and the restored ®,.(z) do
not differ visibly when A¢ < A#,. In Fig. 8 the original
profile ®,(2) is given for comparison. At the initial com-
puting step At = At,, we obtain for ®,(2) pictures that are
like those in Figs. 5(a) and 6(a). At a noise level
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SNR,™ = 10 a noticeable decrease in the noise influence is
reached only when At = 4At, [see Fig. 8(a)], while at
the same time the fine structure resolved is retained.
In Fig. 8(b) we have represented the same case as in
Fig. 8(a), but we have additionally improved it by low-pass
filtering (smoothing) the input noise n, using moving aver-
aging with a 4A¢;-wide window. At higher noise levels
(SNR," = 2 and SNR,™ = 1), a noticeable suppression of
the noise influence is obtained for A¢ = 8A#,. These
cases are illustrated in Figs. 8(c) and 8(d), respectively,
where an improvement is achieved as above by use of a
preliminary 8A#,-wide window moving averaging. As can
be seen, the fine structure of ®,(z) is still resolved, but
the contrast of the least-scale striations is progressively
decreased, as may be expected. At a higher noise level we
would have to use a larger step, e.g., 16A¢, or 32A¢, in
order to suppress the noise effectively. However, this
would lead to strong distortions of ®,, with respect to @,
including the loss of the striations. The relation between
the resolution and the noise level has the same behavior as-
in the cases of Volterra and rectangular deconvolution.
The effect of a large-scale (slowly fluctuating) correlated
noise has been tested by addition to F(¢) of a constant C,
or a sine function ¢.(f) = A, sin(27#/T,) with a period T}
that is much longer than the pulse duration given as 7 or
7. The results obtained show that when a constant C; is
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Fig. 6. ®, versus sample number in the case of a rectangular
pulse with duration 7 = 2T in the presence of white noise with

SNR,™ = 10, for (a) A¢ = Afo and (b) At = 4Ay. The profile ®
is also given.
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added or when T, — «, the noise effect is negligible in
the Volterra- or the rectangular-pulse-deconvolution
cases (see Subsections 2.B and 2.C). In the Fourier-
deconvolution case, the retrieved profile ®.(2) is elevated
with respect to ®(2) at a height ~(2/cr)C, or (2/c7y)A,.
This shift up can be observed only at large values of C,
and A, (see Subsection 2.A).
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The Fourier-deconvolution and the rectangular-pulse
algorithms operate in real time, taking into account the
actual pulse shape measured for every laser shot. The
Volterra-deconvolution algorithm can operate in real time
only if the resolvent R({) is previously calculated on the
basis of a known pulse shape f(¢) estimated in any way® or
averaged over a number of laser shots. This leads to an
additional error in the retrieval of ®(z), but the calcula-
tion of R({) is a slow process, especially when () contains
spikes. Then the norm of the integral operator in Eq. (13)
has a large magnitude leading to feeble convergence of the
resolvent series (Subsection 2.B). On the other hand, the
Volterra-deconvolution technique is free of the above-
mentioned difficulty of the Fourier-deconvolution tech-
nique (Subsection 2.A) and is applicable to pulse shapes
f (&) whose spectrum f(w) is equal to zero at some discrete
values of w = w,.

4. SUMMARY

In this paper we have developed some inverse deconvolu-
tion algorithms to improve the lidar resolution to scales
that are less than the pulse length and that are even of the
order of the sampling interval (which is supposed to be
shorter than the sensing laser pulse). It is shown that
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Fig. 8. Profile ®, versus sample number, restored by Fourier deconvolution in the presence of white noise for SNR,™ = 10 and
At = 4Ato:  (a) without filtering, (b) with filtering, (c) for SNRy™ = 2 and (d) for SNRy" = 1 with preliminary filtering and the step
At = 8A¢g. The profile @, is also represented.
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these algorithms permit, in the case of long laser pulses of
arbitrary shape, retrieval of the maximum-resolved lidar
return on the basis of known pulse shape and original
lidar return. The principal advantage here is that the
profile ®(z) can be retrieved only on the basis of lidar data
without any prior additional information on the relation
between different (e.g., backscattering and transmittance)
factors in the lidar equation. Moreover, we can analyze,
in principle, not only single-scattering but higher-order
scattering effects, as well. This possibility follows, for
instance, from the results of the work!® in which the
short-pulse lidar equation, taking account of the double-
scattering effect, is reduced to a form similar to Eq. (2),
namely,

Fn(t = 2z/c) = Fyy + Fyna = H[D(2) + I['(2)],

where the term Fy; = HI'(z) describing the double-
scattering contribution is a function only of the distance z.
Then, when the double scattering is of importance, instead
of ®(z) the integrand function in Eq. (1) contains the sum
®(2) + I'(2).

The general algorithms are based on the Fourier-
deconvolution technique or on the solution of the first kind
of Volterra integral equation. A simple and convenient
algorithm is developed for the case of rectangular pulses.
The feasibilities of the algorithms are investigated and
are compared theoretically and by means of computer
simulations. The investigations show that in the absence
of noise a high accuracy in the restoration of the normal
lidar return is achievable for a short-enough computing
step. The bias error § depends, in general, on the value of
At and on the shape of ®(2) [see, e.g., Egs. (7), (15), and
(25) and Figs. 4(a)-4(c)]. For Volterra deconvolution the
dependence is more complicated. It contains in addition
the influence of the pulse shape through the resolvent.
Naturally, for a lower value of At and a smoother shape of
®(2), we have less bias error. Note, as well, that possible
discontinuities of ®(z) can be identified.

The effect of a stationary additive noise on the algo-
rithm performance and on the achievable resolution is
also investigated. The results obtained show that, even
at a comparatively high initial SNR, a broadband noise,
i.e., fast fluctuations with correlation time 7, less than the
pulse duration, can cause a considerable noise effect such
that the retrieved profile is fully disguised. One can re-
duce the noise influence by using a suitable computing step
At > 7, and by satisfying the inequality w; < m/At in order
to avoid essential distortions and lowering of the resolu-
tion of ®(2). On the contrary, the algorithm performance
decreases the effect of narrow-band noise (increases SNR)
when 7, exceeds the pulse duration considerably (see in
Section 2 the expressions for De at 7. — ® in all three
cases under consideration).

The error caused by the pulse-shape uncertainty is dis-
cussed and estimated, as well (Subsections 2.A-2.C).
This error is shown to depend nonlocally on the magni-
tudes of @, the pulse-shape uncertainty, and the deriva-
tives of the pulse-shape uncertainty. Besides, a tendency
is pointed out, which is intrinsic mainly to the Volterra-
deconvolution and the rectangular-pulse algorithms, to
accumulation of error with an increase in z or in the
number of the recurrence cycle. A more detailed under-
standing of the influence of pulse-shape uncertainty on
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accuracy in the retrieval of ®(2) can be reached on the
basis of a more extensive separate investigation.

The results presented here are directly related to lidar
systems that use TEA CO; lasers. Certainly they are ap-
plicable to all cases of laser sensing with long pulses of
arbitrary (including rectangular) shapes.’> Further de-
velopment of this research would include processing of
real lidar data and investigation in more detail of possibil-
ities for improving lidar resolution in the presence of
multiplicative fluctuations that are typical of the coherent-
lidar response. The influence of pulse-shape uncertainty
on retrieval error is also an important problem to be
studied in more detail.

APPENDIX A: ESTIMATION OF THE
FOURIER-DECON VOLUTION BIAS ERROR
RESULTING FROM A FINITE COMPUTING
STEP

The function ®.(z) in Eq. (7) can be represented in the
form

/A

t -~
[F(w)/f()]exp(— jwt)dw = ®,({) ;
—m/At
(A1)

®.(2) = (wo)™*

t = 2z/c. On the other hand, according to Eq. (5¢) or (6)
we have

Fw)/fw) = /2 J O (texp( jwt')de'. (A2)

By combining Egs. (A1) and (A2) and integrating over w,
we obtain

@) =7"" j @(t’){sin[(t' - t)ﬁ:' / @ - t)}dr’. (A3)

With respect to [2.(sin x/x)dx = , on the basis of
Eq. (A3) we have

8(t) = ®.(t) — D)
= ’T_lr [@(t + xA—;> - <I>(t)](sin x/x)dx, (A4)

where the substitution (#' — #)#/At = x is used. The
Tailor-series expansion of ®[t + x(A¢/m)] in Eq. (A4) at
the point x = 0 leads to the expression

8(2) = kDIt ALZ. (A5)

We have assumed here that ®"(¢) # 0. When ®"(¢) = 0
(e.g., for points of inflection), we have 8(t) ~ ®/(£)(AtY,
where ®7(¢) is the following even derivative different from
zero (J = IVor VIor..). The factor

1 r : 1 V@) [ Ar)?
= e— —— J— + e
k=55 *sin x{l t35 T \% dx (A6)

depends, in general, on the shape of ®(¢), on ¢ and on At
With respect to ®(¢) = (c2/4)®"(2) and At = (2/c)Az, in-
stead of Eq. (A5) we can write

8(z) = 8(z = ct/2) = k®(2)Az2 (A7)
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APPENDIX B: ERRORS IN THE NUMERICAL
CALCULATION OF FIRST AND SECOND
DERIVATIVES: VARIANCES AND
COVARIANCES OF THE FIRST DERIVATIVE
AND OF THE SECOND DERIVATIVE OF THE
RANDOM FUNCTION

The numerical derivative f,!(¢) of the function f(¢) of the
argument ¢, obtained by differentiation of the correspond-
ing Lagrangian-interpolation polynomial of degree 4 rele-
vant to the five successive points ¢ + iA¢ (i = 0,%1,*2) is
given by

1
I o e— — —_— —
= D At[f(t 2A%) — 8f(t — At) + 8f(t + Ap)

- f@ + 2A8)]. (B1)

The numerical derivative of Eq. (B1) obtained on the basis
of the same procedure gives the second numerical deriva-
tive £,"(¢) of the function f(¢) in the form

FE@) = 1/A2AD%f(¢ — 4AL) + F@ + 4AD
- 16[f@ — 3A8) + f(t + 3A8)]
+ B64[f(t — 2A8) + f(¢ + 2AD)]
+ 16[f(t — A + ft + AD)] — 130f®)}. (B2)

The error £,'(#) — fX¢) in the numerical calculation of f(z)
can be evaluated by use of the Tailor-series expansion
at the point ¢ of expression (B1) for £(f). In this case
we obtain

O = 7o) = — <51 s (B3
In the same way on the basis of Eq. (B2) we obtain
£70 = 50 = - =00 (B

The covariance covs(8) = (f'(¢ + 6)f(#)) of the first
derivative of the function f(¢) considered as a random
function can be represented in the form covpi(8) =
lima,— o} + 0)£)()), from which, using Eq. (B1) and
the Tailor-series expansions at 6 of terms such as
covr(9 * iAt) = (f[t + (0 = iAD]f (), we obtain

d? covy() _

dot —~DfK"(9), (B5)

covpa() = —

where cov(0) = (f(t + )f(®)) and Df = (f?) are the co-
variance and the variance of f, respectively, and K;(0) =
covp(9)/Df is its correlation coefficient. Correspondingly,
the variance

Df' = (f'™ = covsi(0) = —DfK;™(0)] 4o (B6)
We estimate the discrete analog cove®(9) = (!¢ + O£ ()
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of covs1(6) by using Eq. (B1). When At >> 7., we can take
into account only terms such as (f(¢ + 6 = iAD)f(t = iAf))
and obtain

cova(6) = 0.9 cov;(0)/(At)* = 0.9DFK;(6)/(At)®.  (BT)

Correspondingly, the variance

D! = covs(0) = 0.9Df/(A)". (B8)

The covariance covyu(d) = (f(¢ + 6)f™(¢)) and the vari-
ance Df™ = (f™) of the second derivative f7(¢) as well as
their discrete analogies cov®(d) = (£t + 6)£."(#)) and
Df = covp(0) are obtainable on the basis of Eq. (B2) and
of considerations similar to those in the case of the first
derivative. The results are

covm(d) = DfK™(0), (B9)

Df™ = covpu(0) = DfK:™(6)|6=0, (B10)

covpr(9) = 1.25DfK;(0)/(At)", (B11)

Df" = 1.25Df/(AD)*. (B12)
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