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INTRODUCTION 

RELEVANCE OF THE TOPIC 

 

Over the past few decades, scientists have been actively investigating 

nonlinear effects observed during the propagation of intense laser 

radiation in isotropic media. They arise as a result of the interaction of 

light with the medium and as a result their characteristics change.  

Of particular interest are parametric processes. The term parametric 

process is used for such effects where there is no energy exchange 

between the radiation and the medium in which it propagates. Under 

certain conditions, it leads to energy exchange between the components 

of the electric field of a pulse with a given carrier frequency (a degenerate 

four-photon process), as well as between pulses with different carrier 

frequencies, if the condition for wave synchronization is satisfied.  

Parametric nonlinear effects are important in the studying the 

propagation of high-intensity laser beams and pulses in various 

waveguide media, as well as the possibilities of transmitting optical 

signals over significant distances in fiber-optic communication systems. 

This dissertation is devoted to the study of the effects of nonlinear 

parametric processes generating from the propagation of laser radiation 

in CW regime and the propagation of ultrashort optical pulses in isotropic 

media. 

The dissertation consists of four chapters, an introduction and a 

conclusion. The first chapter is has an overview nature, and the original 

results of the research are presented in the second, third and fourth 

chapters. In conclusion, the main contributions of the dissertation are 

systematized. Finally, a list of the author's publications on the topic of the 

dissertation is attached. 
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Chapter One contains a brief overview and analysis of basic linear and 

nonlinear effects occurring in Ker-type media. 

In the second chapter, the process of energy exchange caused by the 

effects of four-wave mixing (FWM) is theoretically investigated, with 

and without and taking into account the effects of self-phase modulation 

(SPM) and cross-phase modulation (CPM), which occur in the CW 

regime of propagation. A mathematical algorithm has been developed for 

solving a system of three nonlinear differential equations, describing the 

parametric interaction between three waves (pump, signal and idler) 

propagating over several coherent lengths in an isotropic nonlinear Ker-

type medium. The studies were done for arbitrary initial values of the 

intensities, the generalized phase and the presence of wave number 

mismatch. The periods of energy exchange between the three waves are 

also determined. Several numerical simulations of the obtained analytical 

results are presented. 

Chapter Three presents the investigation of energy exchange caused by 

the parametric interaction between spectrally close picosecond pulses 

propagating in a single-mode optical fiber. On the basis of a system of 

three nonlinear differential equations, in which the joint action of the 

processes of FWM, SPM and CPM is taken into account, numerical 

simulations are made for the region near zero dispersion. 

The fourth chapter presents a developed theoretical model for 

investigating the process of energy exchange between the components of 

an optical pulse propagating in a nonlinear dispersive medium under the 

influence of degenerate four-photon parametric processes taking into 

account the effects of SPM and FCM. The considerations were made on 

the basis of a system of two nonlinear differential equations describing 

the evolution of the components of the momentum. Exact analytical 

solutions were found. They characterize the value and the period of 
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energy exchange between them at arbitrary initial energies and 

polarizations of the components of the laser pulse. Numerical simulations 

are presented. 

Each of the chapters containing original results begins with a short 

introduction and ends with a conclusion summarizing the conclusions. 

The literature used is indicated in the individual chapters. 

 

AIMS AND TASKS   

 
The aim of this dissertation is to theoretically investigate nonlinear 

parametric processes arising from the propagation of laser radiation in 

continuous (CW) mode and the propagation of ultrashort (femtosecond) 

optical pulses in isotropic media. 

To achieve this goal, we have set ourselves the following tasks: 

1. To investigate the parametric interaction of laser beams in 

nonlinear χ(3) media. 

 

2. To investigate the parametric interaction of laser beams taking 

into account the effects of FSM and FCM in χ(3) media. 

 

3. To compare the periods of energy exchange during parametric 

interaction with and without taking into account the effects of 

SPM and CPM in a continuous mode of propagation. 

 

4. Numerically to investigate the parametric interaction of ultra-

short laser pulses within the nonlinear system of parametric 

equations describing four-wave mixing in nonlinear media. 
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5. To investigate the process of energy exchange between the 

components of optical pulse propagating in a nonlinear dispersive 

medium under the influence of degenerate FWM taking into 

account the effects of SPM and CPM. 

These problems require the development of appropriate mathematical 

algorithms for solving relevant systems of nonlinear partial differential 

equations describing the evolution of waves and components of a laser 

pulse in a considered isotropic medium at arbitrary initial intensities, 

generalized phases and polarizations. 

CHAPTER II. FOUR-PHOTON PARAMETRIC 

INTERACTION ON LASER TREATMENT IN CW REGIME 

Introduction 

This chapter of the dissertation theoretically investigates the process of 

energy exchange during four-wave mixing between three optical waves 

(pump, signal and idler) propagating in an isotropic nonlinear Ker-type 

medium. The transfer of energy from the pump to the signal and idler 

wave is only effective at a certain distance, called coherence length. This 

is the distance at which the exchange of energy begins to flow in the 

opposite direction - from the signal and idler wave to the pumping wave 

[1]. Typically, the coherence length is significantly less than the 

dispersion lenght. Therefore, when studying the evolution of coupled 

waves of several coherent lengths [2-6], dispersion can be ignored. The 

effects of self-phase modulation (SPM) and cross-phase modulation 

(CPM) are of the same order as the four-wave mixing and must be taken 

into account. 

In the known literature, the parametric four-photon amplification has 

been studied only in an approximation for a constant electric field or at a 

constant intensity of the pumping wave [7-10]. Our goal is to solve the 
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broader problem in which the waves have arbitrary initial intensities, 

generalized phase with the presence of the wave number mismatch 

between them. 

We have investigated the process of energy exchange in a continuous 

regime. We have examined the parametric interaction between pump, 

signal and idler waves, propagating in an isotropic nonlinear χ(3) medium 

in two cases – with and without taking into account the effects of SPM 

and CPM. 

The results of these researches are published in [11-13]. 

II.1. Energy exchange between three waves during the process of 

four-wave mixing 

II.1.1. Basic equations  

We are investigating the evolution of three optical waves propagating in 

an isotropic Ker-type nonlinear medium. The frequencies of the pumping 

wave, the signal wave and the idler wave are denoted by ω3, ω1 and ω2 

respectively. 

                                    23 = 1 + 2,     2k3 = k1 + k2 + k,                   (2.1) 

where Δk is the wave number mismatch. 

We are only interested in the effect of four-wave mixing (FWM) between 

the three waves, leading to the exchange of energy between them. The 

system of equations describing this interaction consists of three nonlinear 

ordinary differential equations [11]: 

                                           𝑖
𝜕𝐴1

𝜕𝑧
= 𝛾1𝐴3

2𝐴2
∗ 𝑒𝑖∆𝑘𝑧 

                                           𝑖
𝜕𝐴2

𝜕𝑧
= 𝛾2𝐴3

2𝐴1
∗ 𝑒𝑖∆𝑘𝑧                                          (2.2)                         

                                                 𝑖
𝜕𝐴3

𝜕𝑧
= 2𝛾3𝐴1𝐴2𝐴3

∗ 𝑒−𝑖∆𝑘𝑧 . 
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where 𝐴1(𝑧), 𝐴2(𝑧), 𝐴3(𝑧) are the complex amplitude functions of the 

three optical waves, 𝛾1, 𝛾2, 𝛾3 and ∆𝑘 are the corresponding nonlinear 

coefficients for each of the waves and the wave number mismatch (2k3 = 

k1 + k2 + k ),  𝑧 is the Cartesian coordinate.  

II.1.2. Finding Exact Analytical Solutions to the Basic System of Three 

Nonlinear Equations 

We will briefly present the algorithm developed by us for solving the 

system (2.2).  

1. We present the complex amplitude functions in trigonometric form: 

                                    𝐴1(𝑧) = 𝑎1(𝑧) exp(𝑖𝜑1(𝑧)), 

                                    𝐴2(𝑧) = 𝑎2(𝑧) exp(𝑖𝜑2(𝑧)),                                 (2.3)   

                                    𝐴3(𝑧) = 𝑎3(𝑧) exp(𝑖𝜑3(𝑧)), 

where 𝑎1(𝑧) = |𝐴1|, 𝑎2(𝑧) = |𝐴2| и 𝑎3(𝑧) = |𝐴3| and 𝜑1(𝑧),  𝜑2(𝑧), 

𝜑3(𝑧) are their phases. The square of the moduli of the amplitude 

functions characterizes the intensity of the respective waves. 

2. We substitute the expressions (2.3) in the system of equations (2.2) and 

make appropriate conversions. We get a system of two complex ordinary 

differential equations. 

3.   We equalize the real (Re) and imaginary (Im) parts on both sides of 

the equations. Thus, we are left with the following systems: 

                                    𝑎1
𝜕𝜑1

𝜕𝑧
= −𝛾1𝑎3

2𝑎2𝑐𝑜𝑠Ψ, 

Re:                                   𝑎2
𝜕𝜑2

𝜕𝑧
= −𝛾2𝑎3

2𝑎1 cos Ψ,                                   (2.4) 

                                    𝑎3
𝜕𝜑3

𝜕𝑧
= −2𝛾3𝑎1𝑎2𝑎3𝑐𝑜𝑠Ψ,                   
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𝜕𝑎1

𝜕𝑧
= 𝛾1𝑎3

2𝑎2𝑠𝑖𝑛Ψ,
𝜕𝑎1

𝜕𝑧
= 𝛾1𝑎3

2𝑎2𝑠𝑖𝑛Ψ,  

Im:                            
𝜕𝑎2

𝜕𝑧
= 𝛾2𝑎3

2𝑎1𝑠𝑖𝑛Ψ                                                (2.5) 

                                
𝜕𝑎3

𝜕𝑧
= −2𝛾3𝑎1𝑎2𝑎3𝑠𝑖𝑛Ψ,  

                                Ψ(𝑧) = 2𝜑3 − 𝜑2 − 𝜑1 + 𝛥𝑘𝑧                         (2.6) 

where Ψ(𝑧) is a new function called the generalized phase. It obviously 

depends on the distance z and from the wave number mismatch Δk. 

4. Let us first consider the system of equations obtained by the 

equalization of the imaginary. After short transformations, we derive 

the following important equations from it: 

- Conservation law for the sum of the intensities of the three waves: 

                              𝛾2𝛾3𝑎1
2 + 𝛾1𝛾3𝑎2

2 + 𝛾1𝛾2𝑎3
2 = 𝐶 = 𝑐𝑜𝑛𝑠𝑡             (2.7) 

- Conservation law for the difference between the intensities of the 

signal and idler wave: 

                              𝛾2𝛾3𝑎1
2 − 𝛾1𝛾3𝑎2

2 = 𝐶1 = 𝑐𝑜𝑛𝑠𝑡                  (2.8) 

5. We consider the system of equations obtained from the equalization 

of the real parts. With them, we substitute in the expression obtained 

by differentiating the deposition for the generalized phase. Taking 

into account the third equation of (2.4), we form a system of two 

differential equations for the two unknown functions Ψ and p: 

                         
𝑑𝛹

𝑑𝑧
=

2

√𝛾1𝛾2
[

𝑝(𝑐−𝑝)−(𝑐−𝑝)2+𝑐1
2

√(𝑐−𝑝)2−𝑐1
2

] 𝑐𝑜𝑠 𝛹 + 𝛥𝑘                (2.9) 

                               
𝑑𝑝

𝑑𝑧
= −

2

√𝛾1𝛾2
√(𝑐 − 𝑝)2 − 𝑐1

2 𝑠𝑖𝑛 𝛹                 (2.10) 
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where 𝑝 = 𝛾1𝛾2𝑎3
2 is a new unknown feature. By seminal division, from 

this system we obtain the following equation: 

                 
𝑑𝑐𝑜𝑠Ψ

𝑑𝑝
=

(𝑝(𝑐−𝑝)−(𝑐−𝑝)2+𝛾1𝑐1
2)

(𝑐−𝑝)2−𝛾3
2𝑐1

2 𝑐𝑜𝑠Ψ + √𝛾1𝛾2Δ𝑘

2𝑝√(𝑐−𝑝)2−𝛾3
2𝑐1

2
      (2.11) 

It is a linear ordinary first-order differential equation for the unknown 

function cosψ for an independent variable p. We found its general 

solution in the form: 

 

                                   cosΨ =
2𝐵+𝑝𝛥𝑘√𝛾1𝛾2

2𝑝√(𝑐−𝑝)2−𝑐1
2
, B = const.                     (2.12) 

We are looking for an expression for the unknown function p(z). That is 

why we go back to equation (2.10) in which we substitute (2.12). After 

short conversions, we get the equation: 

                   
𝑑𝑝

𝑑𝑧
= −

2

√𝛾1𝛾2
√𝑝2(𝑐 − 𝑝)2 − 𝛼𝑝2 − 𝜂(𝛽 + 𝑝)2           (2.13) 

To simplify the record, we substitute:  

                                      𝑝 =
𝑐

2
− 𝑘𝑦,                           (2.14) 

where k=const ≠0 and 𝑦(𝜉) is a new unknown function. 

We have made the following assumptions:                 

             
𝛼𝑐+𝜂(2𝛽+𝑐)

2𝑘
= 0,          

𝑐2

2
+ 𝛼 + 𝜂 = 1 + 𝑘2.                       (2.15) 

Given the conditions (2.15), the following equation is obtained: 

                                𝑦′′ + (1 + 𝑘2)𝑦 − 2𝑘2𝑦3 = 0.                        (2.16) 

z
21

2


 =
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It is known that under the initial condition y(0)=0, the solution of this 

equation is the Jacobi function - elliptic sine [14]:  

                                  𝑦(𝜉) = 𝑠𝑛(𝜉; 𝑘), 0 < 𝑘 < 1                         (2.17) 

In general, the constant k, called the modulus of ellipticity, takes values 

in the range [0,1]. In cases of k=0 and k=1, the elliptic function sn(ξ; k) 

turns into elementary. For example, at k=0, it is reduced to sn(ξ; 

0)=sin(ξ), and at k=1 respectively sn(ξ; 1)= th (ξ).  

As a result of the described mathematical approach, we found the 

following expressions for the desired functions and 𝑎1
2, 𝑎2

2𝑎3
2, 

characterizing the intensities of the signal, idler and pumping waves 

written by the Jacobi elliptic sine function [15]: 

    𝑎1
2 =

1

2𝛾2𝛾3
[

𝑐

2
+ 𝑘 𝑠𝑛 (

2𝑧

√𝛾1𝛾2
; 𝑘) + 𝑐1], 

                              𝑎2
2 =

1

2𝛾1𝛾3
[

𝑐

2
+ 𝑘 𝑠𝑛 (

2𝑧

√𝛾1𝛾2
; 𝑘) − 𝑐1]                  (2.18) 

𝑎3
2 =

1

𝛾1𝛾2
[
𝑐

2
− 𝑘 𝑠𝑛 (

2𝑧

√𝛾1𝛾2

; 𝑘)] 

It is important to note that these solutions were found under conditions 

(2.15), y(0)=0 and k≠0. From the initial conditions, we determined that: 

                     𝐵 =
𝑐

2
[√

𝑐

2

2
− 𝑐1

2 𝑐𝑜𝑠Ψ(0) −
Δ𝑘√𝛾1𝛾2

2
] = 𝑐𝑜𝑛𝑠𝑡            (2.19) 

           𝑘2 = 2 (
𝑐

2
)

2

− 1 −
∆𝑘√𝛾1𝛾2

2
√(

𝑐

2
)

2

− 𝑐1
2𝑐𝑜𝑠 Ψ(0) +

∆𝑘𝛾1𝛾2

4
    (2.20) 

Therefore, the value of the constant B and the modulus of ellipticity k are 

determined by the values of с, с1, Δ𝑘, which depend on the initial 

conditions and on the initial value of the generalized phase ψ(0). 
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II.1.3. Numerical simulations 

Several numerical simulations have been made under different initial 

conditions, which illustrate the process of energy exchange between the 

three optical waves (signal, idler and pumping) as a result of FWM. The 

nonlinear coefficients of the three waves are close in value and it can be 

assumed that 𝛾1= 𝛾2= 𝛾3 ≈ 1.  

Figures 1 and 2 show graphs of the energy exchange between the three 

waves, at different values of the constants с,с1 and 𝒌 in the case where 

there is no wave number mismatch, i.e. ∆𝒌=𝟎. 

 
  а)                                          в) 

Fig. 1. Energy exchange between pumping, signal and idler wave in this 

case Δк=0; с1=0; а) с=1,42; к=0,1; в) с=1,8; к=0,79,  а2
2=а1

2≠а3
2. A 

blue line represents the intensity of the pumping wave, an orange line 

shows the intensity of the signal and idler wave. 

 
  а)                                          в) 
Fig. 2. Energy exchange between the waves, а2

2≠а1
2≠а3

2 ;Δк=0; с1=0,1; 

а) с=1,4; к=0,1; в) с=1,8; к=0,79. A red line shows the intensity of the 

pumping wave, and a blue and green line shows the intensity of the signal 

and idler wave. 
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Figures 3 and 4 show graphs of the energy exchange between the three 

waves for different values of с, с1, ψ(0) and k, in the presence of wave 

number mismatch, i.e.  ∆𝑘 ≠ 0. 

 

 

 

  а)                                          в) 

Fig. 3. Energy exchange between the waves, а2
2=а1

2≠а3
2;∆𝑘 = 0,1; 𝑐1 =

0;  с = 1,8; а) 𝜓(0) = 0;  𝑘 = 0,76; в) 𝜓(0) =
𝜋

2
;  𝑘 = 0,79. A green line 

represents the pumping wave, and a blue line represents the signal and 

idler wave. 

 

  
  а)                                          в) 
Fig. 4. Energy exchange between the waves, а2

2≠а1
2≠а3

2; ∆𝑘 = 0,5; 𝑐1 =

0,1;  с = 1,5; а)  𝜓(0) = 0;  𝑘 = 0,1; в) 𝜓(0) =
𝜋

2
;  𝑘 = 0,43. A green line 

represents the pumping wave, and a blue and orange line represents the 

signal and idlerl wave. 
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From the presented numerical results, it can be seen that the intensity of 

the energy exchange process is determined by the value of the modulus 

of ellipticity k, which depends on the initial values of the Δk, с, с1 and 

ψ(0). As the parameter k increases, the interaction becomes more 

efficient and the energy exchange between the three waves increases. 

 

II.2. Energy Exchange Between Three Waves in  the Process of FWM 

Taking into Account the Effects of SPM and CPM 

II.2.1. Basic equations  

The system of equations that describes the parametric four-wave mixing 

and the processes of SPM and CPM between three optical waves (A1 – 

signal, A2 – idler and A3 – pump) of several lengths of coherence is [8]: 

          𝑖
𝜕𝐴1

𝜕𝑧
= 𝛾1𝐴2

∗ 𝐴3
2𝑒𝑖∆𝑘𝑧 + 𝛾1|𝐴1|2𝐴1 + 2𝛾1(|𝐴2|2 + |𝐴3|2)𝐴1, 

          𝑖
𝜕𝐴2

𝜕𝑧
= 𝛾2𝐴1

∗ 𝐴3
2𝑒𝑖∆𝑘𝑧 + 𝛾2|𝐴2|2𝐴2 + 2𝛾2(|𝐴1|2 + |𝐴3|2)𝐴2 (2.21) 

          𝑖
𝜕𝐴3

𝜕𝑧
= 2𝛾3𝐴1𝐴2𝐴3

∗ 𝑒−𝑖∆𝑘𝑧 + 𝛾3|𝐴3|2𝐴3 + 2𝛾3(|𝐴2|2 + |𝐴1|2)𝐴3, 

The first articles on the right side of the above equations characterize the 

process of the FWM, the second the effect of the SPM, and the third that 

of the CPM. This system is solved in an approximation for a fixed 

intensity of the pumping wave [16]. We, however, are looking for an 

analytical solution of the system (2.21), under arbitrary initial conditions. 

For this purpose, we apply the algorithm already described. 

II.2.2. Finding Exact Analytical Solutions to the Basic System of Three 

Nonlinear Equations 

1. We make the following substitutions: 
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                𝐴1 = 𝑎1𝑒𝑖𝜑1 , 𝐴2 = 𝑎2𝑒𝑖𝜑2 ,   𝐴3 = 𝑎3𝑒𝑖𝜑3.           (2.22) 

 

2. We substitute (2.22) in the system of equations (2.21) and enter the 

generalized phase  

 

                                Ψ = 2𝜑3 − 𝜑2 − 𝜑1 + Δ𝑘𝑧.                     (2.23) 

 

3. We equalize the real and imaginary parts on both sides of the resulting 

complex differential equations and obtain the following two systems 

of equations: 

 

                     
𝜕𝜑1

𝜕𝑧
= −𝛾1

𝑎2𝑎3
2

𝑎1
𝑐𝑜𝑠Ψ − 𝛾1(𝑎1

2 + 2(𝑎2
2 + 𝑎3

2)) 

Re:                
𝜕𝜑2

𝜕𝑧
= −𝛾2

𝑎1𝑎3
2

𝑎2
𝑐𝑜𝑠Ψ − 𝛾2(𝑎2

2 + 2(𝑎1
2 + 𝑎3

2)),     (2.24) 

                     
𝜕𝜑3

𝜕𝑧
= −2𝛾3𝑎1𝑎2𝑐𝑜𝑠Ψ − 𝛾3(𝑎3

2 + 2(𝑎1
2 + 𝑎2

2)), 

 

                                     
𝜕𝑎1

𝜕𝑧
= 𝛾1𝑎2𝑎3

2𝑠𝑖𝑛Ψ, 

Im:                                
𝜕𝑎2

𝜕𝑧
= 𝛾2𝑎1𝑎3

2𝑠𝑖𝑛Ψ,                                (2.25) 

     
𝜕𝑎3

𝜕𝑧
= −2𝛾3𝑎1𝑎2𝑎3𝑠𝑖𝑛Ψ. 

 

4. From the system of equations (2.24), we derive a conservation law 

for the sum (c) of the intensities of the three waves and a conservation 

law for the difference (𝑐1) between the intensities of the signal and 

the idler waves: 

 

                    𝛾2𝛾3𝑎1
2 + 𝛾1𝛾3𝑎2

2 + 𝛾1𝛾2𝑎3
2 = с = 𝑐𝑜𝑛𝑠𝑡,                (2.26) 

                            𝛾2𝛾3𝑎1
2 − 𝛾1𝛾3𝑎2

2 = с1 = 𝑐𝑜𝑛𝑠𝑡,                         (2.27) 

where 𝑎1
2, 𝑎2

2 и 𝑎3
2 characterize the intensities of the signal, idler and 

pumping waves, respectively. 
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5. From the combined use of the equations of (2.23), (2.24) and the third 

equation of (2.25), we get the equation for the unknown function 

𝑐𝑜𝑠Ψ and independent variable 𝑝 = 𝑎3
2𝛾1𝛾2. Its general solution is: 

 

𝑐𝑜𝑠Ψ =
1

𝑝√(𝑐−𝑝)2−𝑐1
2

[
𝑚0𝑝2

8𝛾3√𝛾1𝛾2
+ 𝑝

2Δ𝑘𝛾1𝛾2𝛾3+𝑐𝑚1+𝑐1𝑚2

4𝛾3√𝛾1𝛾2
+ 𝐵0]   (2.28)  

            𝑚0 = 8𝛾1𝛾3 + 8𝛾2𝛾3 − 4𝛾3
2 − 𝛾1

2 − 4𝛾1𝛾2 − 𝛾2
 2=const, 

                𝑚1 = 𝛾1
2 + 𝛾2

2 + 4𝛾1𝛾2 − 4(𝛾1 + 𝛾2)𝛾3 = 𝑐𝑜𝑛𝑠𝑡,     (2.29) 

𝑚2 = 𝛾1
2 − 𝛾2

2 − 4𝛾1𝛾2 − 4(𝛾1 − 𝛾2)𝛾3=const. 

 

The integration constant 𝐵0 is determined by the initial conditions: 

 

𝐵0 = 𝛾1𝛾2𝑎3
2(0) [√(𝑐 − 𝛾1𝛾2𝑎3

2(0))
2

− 𝑐1
2𝑐𝑜𝑠Ψ(0) −

                              
𝑚0√𝛾1𝛾2𝑎3

2(0)

8𝛾3
−

Δ𝑘√𝛾1𝛾2

2
−  

𝑐𝑚1+𝑐1𝑚2

4𝛾3√𝛾1𝛾2
].               (2.30) 

 

6. On the base of equations (2.25) и (2.28) and using the substitutions 

                       𝑝 = ℎ − 𝑘𝑦, ℎ =
1

2
(

𝑐+𝑈𝑟

1−𝑈2) , 𝑘 = 𝑐𝑜𝑛𝑠𝑡 ≠ 0              (2.31) 

We obtain a new ordinary differential equation:  

               𝑦′′ − 2𝑘2𝑦3 + 𝑦(1 + 𝑘2) = 0, 0 ≤ 𝑘 ≤ 1.                           (2.32) 

It was obtained under the assumptions made: 

                            6ℎ2 −
(𝑐2−𝑐1

2−𝑟2−2𝐵0𝑈)

(1−𝑈2)
= 1 + 𝑘2,                         (2.33) 
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                            8ℎ2 − 2ℎ
(𝑐2−𝑐1

2−𝑟2+2𝐵0𝑈)

(1−𝑈2)
+ 2

𝐵0𝑟

(1−𝑈2)
= 0           (2.34) 

      𝜂 = 2𝑧√
1−𝑈2

𝛾1𝛾2
, r =

Δ𝑘√𝛾1𝛾2

2
+ 𝑉, U =

m0

8𝛾3√𝛾1𝛾2
, V =

Cm1+C1m2

4𝛾3√𝛾1𝛾2
. (2.35) 

Under the condition that y(0)=0, equation (2.32) has a well-known 

solution in the form of Jacobi–elliptic sine functions:  

                                          𝑦 = 𝑠𝑛(𝜂; 𝑘).                                        (2.36) 

Taking into account the substitutions and relationships between the 

variables, we obtain the following expressions for the intensities of the 

three waves: 

                  𝑎1
2 =

1

2𝛾1𝛾2
[𝑐 + 𝑐1 −

1

2
(

𝑐+𝑈𝑟

1−𝑈2
) + 𝑘 𝑠𝑛(𝜂; 𝑘)], 

                 𝑎2
2 =

1

2𝛾1𝛾2
[𝑐 − 𝑐1 −

1

2
(

𝑐+𝑈𝑟

1−𝑈2) + 𝑘 𝑠𝑛(𝜂; 𝑘)],               (2.37)           

    𝑎3
2 =

1

2𝛾1𝛾2
[(

𝑐+𝑈𝑟

1−𝑈2) − 2𝑘 𝑠𝑛(𝜂; 𝑘)], 

𝑘2 = (
4𝐶

7
)

2
(3 + 𝑐𝑜𝑠 𝛹 (0)) − 1 +

8

49
𝛥𝑘2(8 + 3 𝑐𝑜𝑠 𝛹 (0)) −

                                       
8𝐶𝛥𝑘

49
(5 𝑐𝑜𝑠 𝛹 (0) − 2)                              (2.38) 

II.2.3. Numerical simulations 

Several numerical simulations of the energy exchange between the three 

optical waves (signal, idler and pumping) have been made as a result of 

the joint action of the FWM, SPM and CPM, under different initial 

conditions. The nonlinear coefficients of the three waves are close in 

value and we assume that 𝛾1= 𝛾2= 𝛾3 ≈ 1.  

Figures 5 and 6 show the energy exchange between the three waves in 

cases where there is no wave number mismatch, i.e.  ∆𝑘 = 0 and in the 

presence of wave number mismatch, i.e.  ∆𝑘 ≠ 0. 
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  а)                                          в) 

Fig. 5. Energy exchange between the three waves in the case Δк=0; 

с1=0,04; а) с=0,9; к=0,24; в) с=1,04; к=0,243. Red line - intensity of the 

pumping wave, blue and green - signal and idler wave. There is an intense 

energy exchange between the waves, the difference in the intensities of the 

signal and the idler waves is preserved. 

 
  а)                                          в) 

Fig. 6. Energy exchange between the waves for ∆𝑘 = −0,2; 𝑐1 = 0,1;; 
а) с = 0,81;  𝜓(0) = 0;  𝑘 = 0,09; в) с = 0,83;  𝑘 = 0,23. A red line 

represents the intensity of the pumping wave, and a blue and green line 

represents the intensities of the signal and idler wave.  

There is an energy exchange of variable intensity, depending on the value 

of the modulus of ellipticity k. It is determined by the initial parameters 

– intensity, wave number mismatch and generalized phase between 

waves. Energy exchange is weakest when the generalized phase Ψ(0)=0 

and most noticeable when Ψ(0)=π/2. 
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II.3. Comparing the energy exchange periods in CW regime 

The solutions of the systems of equations describing the energy exchange 

between the three optical waves under the influence of FWM with and 

without taking into account the processes of SPM and CPM are 

represented by the Jacobi elliptic function 𝑠𝑛(𝜂; 𝑘). It has been shown 

that the constant 𝑘 is determined by the initial parameters of the three 

waves, as well as by the initial wave number mismatch Δ𝑘. The elliptical 

sine 𝑠𝑛(𝜂; 𝑘) is a periodic function and is known as knoidal wave. Its 

period is presented as 4K(k), where K(k) is a complete elliptic integral of 

the first kind.  When |𝑘|2 < 1 the function K(k) can be developed in order 

of degrees [17]: 

                           𝐾(𝑘) =
𝜋

2
{1 + (

1

2
)2𝑘2 + (

1.3

2.4
)2𝑘4 + ⋯ }              (2.39) 

Therefore, at small values of 𝑘, the period of energy exchange between 

the three waves can be represented in the form: 

                                          𝑇(𝑘) ≈  2𝜋 [1 +
1

4
𝑘2].                           (2.40) 

In the case when there is no wave number mismatch ( ∆𝑘 = 0) for the 

periods of energy exchange between the waves during FWM with and 

without taking into account the processes of SPM and CPM we get the 

following simplified expressions: 

 

                                   𝑇(𝑘)𝐹𝑊𝑀 ≈
𝜋

2
[3 + 0,25𝐶2],                         (2.41) 

                 𝑇(𝑘)𝐹𝑊𝑀+𝑆𝑃𝑀+𝐶𝑃𝑀 ≈
𝜋

2
[3 + 0,33𝐶2(3 + cos 𝜓(0))], (2.42) 

 

From the two formulas above, it is clear that regardless of the value of 

the initial generalized phase, the presence of SPM and CPM leads to an 

increase in the period of energy exchange between the waves.  

By changing the initial value of the generalized phase ψ(0) the process of 

energy exchange between them can be governed. 
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Results and conclusions 

The investigations of the energy exchange have been done for arbitrary 

initial wave intensities, arbitrary initial generalized phase, and in the 

presence of wave number mismatch. The following results have been 

achieved: 

1. A mathematical method for solving the system of nonlinear 

differential equations, describing the energy exchange between three 

waves propagating in a Kerr-type medium, during FWM with and 

without taking into account SPM and CPM, for arbitrary initial 

intensities, generalized phase and in the presence of wave number 

mismatch has been developed. 

2. As a result of the developed algorithm, exact analytical solutions have 

been found describing the change in the intensities of the three waves, 

which under certain conditions are represented by an elliptic Jacobi 

function - elliptic sine.  

3. Two new conservation laws have been deduced, related to the sum 

and difference in the intensities of the three waves.  

4. The intensity of the energy transfer process is determined by the value 

of the modulus of ellipticity k, which depends on the initial values of 

the wave number mismatch Δk, the sum of the intensities с, the 

difference between the intensities of the signal and the idler wave с1 

and the generalized phase ψ(0). 

5. Expressions are obtained for the periods of energy exchange between 

the three waves in the process of FWM with and without taking into 

account SPM and CPM. 

6. The processes of SPM and CPM lead to an increase in the period of 

energy exchange between the waves. 

7. Numerical simulations are made illustrating the analytical solutions 

under different initial conditions.  
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CHAPTER III. PARAMETRIC ENERGY EXCHANGE BETWEEN 

THREE SPECTRALLY CLOSE PULSES PROPAGATING IN 

SINGLE-MODE OPTICAL FIBERS 

Introduction 

The parametric interaction between spectrally close picosecond pulses 

propagating in single-mode optical fibers has been numerically studied. 

Numerical simulations have been implemented near the zero dispersion 

region, as group velocity compensation can be observed there [18]. 

The results of the research were published in [19]. 

III.1. Basic equations in pulse regime 

We consider the propagation of three optical pulses with different carrier 

frequencies in a single-mode fiber. They move with different group 

dispersion constants. The amplitudes of the respective pulses are: 

pumping with amplitude 𝐴3, signal with amplitude 𝐴1 and idler with 

amplitude 𝐴2. In a coordinate system moving at the group velocity of the 

pumping wave vp, the normalized equations describing their evolution 

can be written in dimensionless form [20]: 

The following constants are introduced:                                            (3.1) 
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where 𝑧𝑑𝑖𝑠𝑝, 𝑡0𝑝, n2, 𝐴0
3 are respectively the dispersion length, initial 

duration, nonlinear refractive index and initial amplitude of the pumping 

pulse; 𝑣2 and 𝑣1 are respectively the group velocity of the signal and the 

idler pulse; 𝑘3
′′, 𝑘1

′′ and 𝑘2
′′ are group velocity dipsersions of the three 

optical pulses. The normalized differences in the group velocities of the 

signal and the idler pulse with respect to the pumping signal and the 

normalized dispersions are represented by Δ𝑣1, Δ𝑣2, 𝐷1, 𝐷2. 

III.2. Numerical simulations 

In the numerical simulations, it is assumed that the pumping pulse 

propagates in a single-mode silicon fiber. The carrier wavelength of the 

pumping pulse is selected to be in the negative dispersion region of the 

waveguide - λ3=1,36μm. It is accepted that its initial duration is t03 =1ps 

(Δλp≃3nm). It is possible to generate a weak signal and idler pulse 

separated at spectral distances Δλ=λ3–λ1=40nm, which is typical for the 

parametric amplifiers. Thus, it turns out that the signal pulse is of a carrier 

wavelength λ1≃1,4nm, and the carrier wavelength of the idler pulse is at 

λ2≃1,32nm. Therefore, they are well spectrally separated. 

The table below presents the normalized differences in the group 

velocities of the signal and additional pulse with respect to the pump, the 

normalized dispersion parameters and the nonlinear coefficients. 

 

Carrier 

Wavelength 

[μm] 

Normed Group 

Velocities [m/s] 

Dispersion 

parameter 

Nonlinear 

coefficient 

𝜆3 = 1,36 1/𝑣3 = 0 1 1 

𝜆1 ≃ 1,4 1/ 𝛥𝑣1 = 0,0027 𝐷1 = −1,5 𝛾1 = 1,0294 

𝜆2 ≃ 1,32 1/ 𝛥𝑣2 = 0,0017 𝐷2 = −0,4 𝛾2 = 0,97 

 



25 
 

The numerical simulations are obtained by solving the nonlinear system 

of equations using the parameters specified in the table.  

As a starting condition, it is assumed that the pumping impulse is strong 

enough and has an intensity close to the critical for the formation of a 

soliton А3
𝑖𝑛𝑖𝑡 = 𝑠𝑒𝑐ℎ(𝑡). We also assume that the signal and the idler 

impulse have an initial phase 𝜙 =
𝜋

2
, Δ𝑘 = 0,2 and very small initial 

amplitudes  А1
𝑖𝑛𝑖𝑡 = А2

𝑖𝑛𝑖𝑡 = 0,01sech (𝑡)𝑒𝑖
𝜋

4.                            

The resulting temporal evolution of the three pulses is presented in Figure 

7. The pumping pulse is clearly visible at the beginning, but after one or 

two dispersion lengths, a signal and an idler pulse are generated. The self-

impact is due to the influence of self- phase modulation and the four-

photon parametric mechanism. There is an intense energy exchange 

between the pumping and signal pulses.  

 

Fig. 7.  Evolution of the three optical pulses propagating in the negative 

dispersion region of a single-mode optical fiber.  

The change in the energies of the three parametrically interacting 

impulses under the influence of the processes of SPM and CPM has also 

been studied. The energy of each of the pulses is determined by the 
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formula 𝐸𝑗 = ∫ |𝐴𝑗|𝑑𝑡
∞

−∞
, where 𝑗 = 1,2,3. The graph of the energy 

exchange is presented in Figure 8. 

 

Fig. 8. Energy exchange between the pulses. Blue line - the energy of the 

pumping pulse, orange - signal and idler waves. 

There is a quasi-periodic energy exchange between the pumping and the 

signal pulse with a very long period - in the order of several dispersion 

lengths.  

Results and conclusions 

The energy exchange between three spectrally close picosecond pulses 

propagating in a single-mode optical fiber under the simultaneous action 

of the processes of FWM, SPM and CPM has been studied. The following 

results have been achieved: 

1. The research was carried out on the basis of a system of three 

nonlinear differential equations.  

2. Numerical simulations were conducted near the zero dispersion 

region. 

3. It was found that, unlike the case II. (continuous mode), where 

periodic energy exchange is observed, here (in pulse mode) quasi-

periodic energy exchange with a period of several dispersion lengths 

is realized. 
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CHAPTER IV. ENERGY EXCHANGE BETWEEN THE 

COMPONENTS OF AN OPTICAL PULSE DURING DEGENERATE 

FOUR-PHOTON PARAMETRIC PROCESSES 

Introduction 

This chapter of the dissertation investigates the energy exchange between 

the components of an optical pulse propagating in a nonlinear dispersive 

medium under the influence of degenerate four-photon parametric 

processes taking into account the effects of SPM and CPM. A similar 

problem is considered by the author in [21], but in an approximation for 

a predetermined intensity. 

We solve the problem under arbitrary initial conditions. Analytical 

solutions for the energies of the pulse components have been found.  

The results of our research are published in [22]. 

IV.1. Basic equations 

We consider the evolution of an optical pulse along the Oz-axis of a fiber 

with anomalous dispersion.  We assume that its vector amplitude 

function has the form 𝐴 = (𝐴𝑥, 𝐴𝑦, 0). The system of equations that 

characterizes the propagation of the two components of the laser pulse 

can be represented in the following dimensionless form: 

               (4.1) 

where the following designations and substitutions are made: 
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𝐴𝑥(𝑧) and 𝐴𝑦(𝑧) are the normalized complex amplitude functions of the 

pulse components,  𝑇0 is its initial duration. The parameters 𝑛2, 𝑘′′, 𝑘0, 𝐼0 

characterize respectively the nonlinear refractive index of the medium, 

the second order of dispersion, the wavenumber and the initial intensity. 

With 𝑧𝑑𝑖𝑠 and 𝑧𝑛𝑙 are marked the dispersed and non-linear lengths, 

respectively. 𝑁2 is a dimensionless parameter, with N specifying the 

number of the soliton.  

The second terms in the equations (4.1) describe the influence of the 

dispersion, the third and fourth terms refer to SPM and CPM respectively, 

and the latter are responsible for the degenerate four-photon parametric 

mixing (DFPPM). The shortcut equations in the system (4.1) that do not 

take into account the effects of SPM and FWM allow single-soliton 

(N=1) solutions for the components of the amplitude function, which are 

of the following form: 

 

 𝐴𝑥(𝜏, 𝑧) = 𝐴𝑥(0) sech(𝜏) exp (𝑖
𝑧

2
) exp(𝑖𝜑(𝑧)), 

                    𝐴𝑦(𝜏, 𝑧) = 𝐴𝑦(0) sech(𝜏) exp (𝑖
𝑧

2
),                              (4.3) 

 

where 𝜑(𝑧) characterizes the initial phase difference between the 

components of the pulse. A linearly polarized soliton can be observed 

when the phase difference is 𝜑 = 0, 𝜋, 2𝜋. In case 𝜑 =
𝜋

2
,

3𝜋

2
 circular 

polarization is observed, and if 𝜑 ≠ 0,
𝜋

2
, 𝜋,

3𝜋

2
, 2𝜋 an elliptically 

polarized soliton is obtained. 

IV.2. Finding Exact Analytical Solutions of the Basic System of 

Nonlinear Equations 

The system (4.1), which describes the evolution of the components of an 

optical pulse in a single-mode fiber with anomalous dispersion,  
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contains two nonlinear partial differential equations of the second order 

and the third degree. To solve it, we apply an algorithm developed by us, 

similar to the one described in II.  

1. We assume that the amplitude functions of the components of the 

optical pulse are of the type: 

𝐴𝑥(𝑧, 𝑡) = 𝑎𝑥(𝑧)𝑇(𝑡) exp 𝑖𝜑𝑥 (𝑧, 𝑡), 

                            𝐴𝑦(𝑧, 𝑡) = 𝑎𝑦(𝑧)𝑇(𝑡) exp 𝑖𝜑𝑦 (𝑧, 𝑡),                         (4.4) 

where 𝑎𝑥(𝑧) and 𝑎𝑥(𝑧) are new unknown functions only of the variable 

z, and the phases of the two components are:     

  𝜑𝑥(𝑧, 𝑡) = 𝑐𝑡 + Φ𝑥(𝑧),   𝜑𝑦(𝑧, 𝑡) = 𝑐𝑡 + Φ𝑦(𝑧),   𝑐 = 𝑐𝑜𝑛𝑠𝑡.     (4.5) 

We assume that the function expressing the dependence of time 𝑇(𝑡) for 

both components of the momentum is: 

                                          𝑇(𝑡) =
1

𝑐ℎ(𝑡)
= sech(𝑡).                                 (4.6) 

This means that we will consider the two components as pulses of the 

same durations, but with different amplitudes and phases. 

2. We substitute (4.4)-(4.6) in the system of equations (4.1). We, 

however, are interested in the energy exchange between the 

components of the pulse. For this purpose, it is convenient to rewrite 

it through the energies.  

The energy of each of the components is determined by the expressions: 

𝐸𝑥 = ∫ |𝐴𝑥|2𝑑𝑡 = 𝑎𝑥
2

+∞

−∞

∫ 𝑇2𝑑𝑡 = 2𝑎𝑥
2

+∞

−∞

, 

                          𝐸𝑦 = ∫ |𝐴𝑦|
2

𝑑𝑡 = 𝑎𝑦
2+∞

−∞
∫ 𝑇2𝑑𝑡 = 2𝑎𝑦

2+∞

−∞
.              (4.7) 
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where ∫ 𝑇2𝑑𝑡 = ∫ (
1

𝑐ℎ 𝑡
)

2

𝑑𝑡 = 2
+∞

−∞

+∞

−∞
. 

After a series of transformations, the system of equations acquires the 

form: 

𝑖𝐸𝑥
′ − 2Φ𝑥

′ 𝐸𝑥 − 𝐸𝑥 [
1

3
+ 𝑐2] +

2

3
𝛾 [𝐸𝑥

2 +
2

3
𝐸𝑥𝐸𝑦 +

1

3
𝐸𝑥𝐸𝑦𝑐𝑜𝑠𝜓 +

𝑖𝐸𝑥𝐸𝑦𝑠𝑖𝑛𝜓] = 0,   (4.8) 

𝑖𝐸𝑦
′ − 2Φ𝑦

′ 𝐸𝑦 − 𝐸𝑦 [
1

3
+ 𝑐2] +

2

3
𝛾 [𝐸𝑦

2 +
2

3
𝐸𝑦𝐸𝑥 +

1

3
𝐸𝑦𝐸𝑥𝑐𝑜𝑠𝜓 −

𝑖
1

3
𝐸𝑦𝐸𝑥𝑠𝑖𝑛𝜓] = 0.  (4.9) 

3. We equalize the real and the imaginary parts on both sides of the 

equations in (4.8) and (4.9). Thus, we obtain the following two 

systems of ordinary differential equations: 

 

where   ψ(z) = 2(𝜑𝑦 − 𝜑𝑥) = 2(Φ𝑦 − Φ𝑥) is the generalized phase.            

4. From the system of equations obtained from the imaginary parts, we 

obtain the following important results: 

- conservation law for the sum of the energies of the components of the 

pulse:   

                              𝐸𝑥 + 𝐸𝑦 = 𝑐𝑜𝑛𝑠𝑡 = 𝐶 = 2𝐼0.                                 (4.10) 
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- an equation describing the energy exchange: 

                             
𝑑Δ

𝑑𝑧
=

𝛾

9
(𝐶2 − Δ2)𝑠𝑖𝑛𝜓,    Δ(𝑧) = 𝐸𝑦 − 𝐸𝑥.           (4.11) 

5. From the system of equations obtained from the equalization of the 

real parts and (4.11), we obtain an equation for the unknown function 

𝑐𝑜𝑠𝜓 in the case of an independent variable Δ. Its solution is: 

                          𝑐𝑜𝑠𝜓 = 1 −
В0

𝐶2−Δ2,                             (4.12) 

where В0 is an integration constant. 

6. By using (4.12) equation (4.11) takes the form:  

                         
𝑑Δ

𝑑𝑧
=

𝛾

9
√2𝐵0√(𝐶2 −

𝐵0

2
) − Δ2.                               (4.13) 

The solution to this equation is the function: 

Δ(z) = 𝐶√1 −
1

2
(1 − 𝑐𝑜𝑠𝜓0) (1 −

Δ0
2

𝐶2
) 𝑠𝑖𝑛 (

𝛾√2

9
𝐶√(1 − 𝑐𝑜𝑠𝜓0) (1 −

Δ0
2

𝐶2
) 𝑧) 

It is clear that the change in the energies of the pulse components depends 

on the initial generalized phase 𝜓0, the initial difference Δ0 and sum 𝐶 of 

the energies.  

7. As a result of the applied mathematical method, we find the following 

expressions for the energies of the two components of the 

momentum: 

                           𝐸𝑥 =
𝐶

2
−

1

2
√(𝐶2 −

𝐵0

2
) 𝑠𝑖𝑛 (

𝛾

9
√2𝐵0𝑧), 

                           𝐸𝑦 =
𝐶

2
+

1

2
√(𝐶2 −

𝐵0

2
) 𝑠𝑖𝑛 (

𝛾

9
√2𝐵0𝑧).                  (4.14)   
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IV.3. Determination of the period of energy exchange 

From the considerations made up to now, it becomes clear that the energy 

exchange between the two components of the laser pulse propagating in 

a nonlinear medium obeys the sine law and depends on the initial 

parameters. It is clearly seen that for linear polarization ∆φ(0) =
𝜑𝑦(0) − 𝜑𝑥(0) = 0 and ψ(0)=0. Thus В0 = 0 and Δ(z) = 0, i.e. energy 

exchange is not observed. For circular polarization ∆φ(0) =
𝜋

2
, ψ(0)=π. 

In this case В0 = 2𝐶2 and Δ(z) = 0, i.e. again, there is no energy 

exchange. For elliptical polarization ∆φ(0) ≠ 0,
𝜋

2
, 𝜋,

3𝜋

2
, 2𝜋 and ψ(0) ≠

0, к𝜋, к = 1,2 … In this case, there is an energy exchange between the 

two components of the laser pulse. We have determined its period: 

                                    𝑍̅ =
18𝜋

𝛾√2(1−𝑐𝑜𝑠𝜓0)(𝐶2−Δ0
2)

                                 (4.15) 

IV.4. Numerical simulations of periodic energy exchange between the 

components of an optical pulse 

Based on the solutions obtained, numerical simulations of the energy 

exchange between the components of an optical pulse propagating in a 

nonlinear dispersed medium are made.  

 

(a)                                   (b) 

Fig. 9. Energy exchange between the components of the optical pulse when 

Еx(0) = Еу(0) = 
1

2
 and phase difference (a) ∆φ(0) =

𝜋

3
 and (b) ∆φ(0) =

𝜋

6
. 
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Figure 9 shows graphs of the change in energies of the two components 

of an optical pulse when Ex(0) = Eу(0) =  
1

2
  and phase differences between 

the components of the pulse, respectively ∆φ(0) =
π

3
  and ∆φ(0) =

π

6
.  

In the considerations above, we solve the problem for the energy 

exchange without approximation, for arbitrary initial intensity and phase 

differences. Under different initial conditions, we obtain different periods 

and amplitudes of energy exchange, which is why we claim that we 

observe precession with different amplitude and period of energy 

exchange, around the Ox and Oy axes of the polarization ellipse. 

 

Results and conclusions 

In Chapter Four of this dissertation, the energy exchange between the 

components of an optical pulse propagating in a nonlinear dispersive 

medium under the influence of degenerate FWM is investigated, taking 

into account the effects of SPM and CPM.   

The following results were obtained: 

1. A mathematical algorithm has been developed for solving a system 

of two nonlinear differential equations, describing the evolution of 

the components of an optical pulse in a nonlinear cubic medium under 

the influence of degenerate FWM taking into account the effects of 

SPM and CPM. The method is applicable for arbitrary initial energies 

and polarizations of the laser pulse components. 

2. Exact analytical solutions describing the change in the energies of the 

components of an optical pulse have been found.  

3. A formula for the period of energy exchange between the components 

of the optical pulse is obtained.  
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4. The intensity of the energy transfer process and its period are mainly 

determined by the values of the initial energies and the initial phase 

difference between the components of the pulse. 

5. The obtained solutions confirm that for linear or circular polarization 

there is no energy exchange between the components of the optical 

pulse. This occurs only with initial elliptical polarization.  

6. Numerical simulations have been made to illustrate the analytical 

solutions found.  

7. It has been shown for the first time that after solving the complete 

system without using approximation, instead of rotating the 

polarization ellipse, as shown in [3], precession with different periods 

and amplitudes around one of the axes Ox or Oy is observed. 

 

CONCLUSION 

In this dissertation, the processes of energy exchange between optical 

waves and pulse components propagating in nonlinear dispersive media 

under the influence of FWM, with and without and taking into account 

the effects of SPM and CPM, are theoretically investigated.  

The main contributions presented in the dissertation are: 

1. In a continuous regime, the parametric interaction with and without 

taking into account the effects of SPM and CPM between three 

optical waves (pump, signal and idler), which propagate on several 

coherent lengths in an isotropic nonlinear Ker-type medium, has been 

studied. A method for finding solutions to a system of three nonlinear 

partial differential equations describing the intensities of the three 

waves under arbitrary initial conditions has been developed. They are 

represented by the Jacobi function - elliptical sinus. The intensity of 

the energy transfer process is determined by the value of the modulus 

of ellipticity k, depending on the initial parameters of the three waves. 



35 
 

2. The period of energy exchange between the three waves was found. 

We found that the processes of SPM and CPM lead to an increase in 

the period of energy transfer between waves. 

3. In pulse mode, the energy exchange between three spectrally close 

picosecond pulses, which propagate in a single-mode optical fiber 

during the simultaneous action of the processes of FWM, SPM and 

CPM, has been numerically studied. A quasi-periodic energy 

exchange is realized with a period of several dispersion lengths. 

4. The energy exchange between the components of an optical pulse 

propagating in a nonlinear cubic medium under the influence of 

degenerate FWM with regard to the effects of SPM and CPM has 

been theoretically studied. A method for solving the system of two 

nonlinear differential equations for arbitrary initial energies and 

polarizations of the components of the laser pulse has been 

developed. Exact analytical solutions describing the change in 

energies and the value of the transferred energy between the 

components of the optical pulse are obtained. 

5. The period of energy exchange between the components of the laser 

pulse is determined. It is mainly determined by the values of the 

initial energies and the initial phase difference between the 

components of the pulse. 

6. The obtained results confirm that for linear or circular polarization, 

no energy exchange is observed between the components of the 

optical pulse. Such exists only for elliptical polarization.  

7. It was shown for the first time that when solving the system of 

equations describing the process of energy exchange between the 

components of an optical pulse, without using an approximation, 

instead of rotating the polarization ellipse, precession with different 

periods and amplitude around one of the axes Ox or Oy is observed. 
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